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THE MOBILITIES OF GASEOUS IONS.* 
By Kra-LoK YEN. 


Part I. METHOD AND PROCEDURE. 


1. Introductory Statement. 


rN spite of the great number of investigations devoted to gases 


during recent years the question whether an ion is a molecule or 
an atom carrying an elementary charge, or whether it is a number of 
neutral molecules clustering about a charge is not as yet definitely 
settled.””! So wrote Franck eight years ago. Even now in spite of all 
the researches carried on along the same line since then the question is 
by no means settled, for its various solutions are far from being universally 
accepted.? 

When the phenomenon was revealed that the mobilities and the 
diffusion coefficients of the ions in gases were relatively small in com- 
parison with those of the uncharged molecules, the first hypothesis 
formulated for its explanation was that each individual ion, instead of 
being a single charged molecule, was a cluster of neutral molecules around 
an elementary charge.* Thus the ion, being a cluster of molecules had 
a mass greater than that of a single uncharged molecule, and conse- 
quently would move more slowly than the latter under similar conditions. 
Later, in 1909, Wellisch*t and Sutherland® offered another hypothesis 


* Presented at the Chicago meeting of the Physical Society, December 1, 1917. 

1 Franck, Verh. der Deut. Phys. Ges., 11, 397, 1909. Uber die lonenbeweglichkeit der 
radioaktiven Restatione und die Masse des Gasions. 

2 An idea of the extent of the work on this subject may be had by adding to the list of 
references given by J. Franck in his article ‘“‘ Bericht iiber Ionenbeweglichkeit,’’ Jahrbuch 
der Radioaktivitit, 9, 235, 1912, the following: Townsend and Tizard, Proc. Roy. Soc., A, 
87, 1912; A, 88,13; Moore, Puys. REv., 1912; Todd, Phil. Mag., 1913; Wellisch, Am. Jour. 
Sci., May, 1915; Phil. Mag., March, 1916; Haines, Phil. Mag., 30, 1915; 31, 1916; Loeb, 
Puys. Rev., N. S., VIII., No. 6, 1916. 

3 Rutherford, Radioactive Substances and their Radiation, p. 56. 

4E. M. Wellisch, Trans. Roy. Soc., A, 209, 1909. 

5 W. Sutherland, Phil. Mag., 18, 341, 1909. 
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for the explanation of the same phenomenon. In opposition to the 
older assumption of the ‘‘cluster”’ they claimed the ion to be a single 
charged molecule and its low mobility to be a consequence of the retarda- 
tions along its path through the gas by virtue of the charge it carried. 
The charge of the ion would attract the uncharged gas molecules and 
thus would cause it to collide more often with the latter than would an 
uncharged molecule in traversing the same distance. Thus the relatively 
slower mobility of an ion was ascribed by one hypothesis to the increase 
in its mass and by the other to the increase in the number of collisions 
with the gas molecules; and both explanations were equally plausible. 

The contradictory and rival hypotheses once having been adopted, 
their verification was in order. Their possible consequences were made 
the best possible criteria of their verification. It was reasoned that if 
the ion was a cluster of neutral molecules about an elementary charge, 
either an electron or a positive corpuscle, it would break up as soon as 
it had acquired a kinetic energy sufficiently high to cause such an effect. 
This disintegration of the ion would result in a decrease of its mass; 
in accordance with the hypotheses this decrease would manifest itself 
in an abnormal increase of its mobility. On the other hand, if the ion 
was a single charged molecule—a ‘‘small ion’’—it would not disintegrate, 
and consequently its mobility would remain constant. 

Thus, the measurements of the mobilities of ions were considered the 
best inethods for the verification of both the “‘cluster’’ and the ‘small 
ion” hypothesis. For if the mobilities were found to increase abnormally 
when a-high kinetic energy was imparted to the ions, and if this increase 
could not be attributed to anything other than the increase in the kinetic 
energy, then the ‘‘cluster’’ nature of the ions would be positively estab- 
lished. But if the mobilities did not increase even after the ions had 
gained a high kinetic energy, the “‘small ion’’ hypothesis would be 
verified. Hence the ions were caused to travel under electric field and 
at pressures designed to impart to them enormous velocities. If the ions 
remained intact—if no disintegration occurred—their velocities would 
be proportional directly to the field strength and inversely to the pressure. 
But if the “cluster’’ dissociated, the proportionality would not hold. 

Early experiments along the general direction described led to varied 
and conflicting results. Latty,! Kovarick,2 Todd,* Townsend‘ and 
Franck® obtained abnormally high mobilities whereas Chattock® and 


1R,. F. Latty, Proc. Roy. Soc., A, 84, 1910. 

2 A. F. Kovarick, Puys. REV., 30, 415, I910. 

* Todd, Phil. Mag., S. 6, Vol. 22, p. 791, 1911; Phil. Mag., June, 1913. 
4 J. S. Townsend, Proc. Roy. Soc., A, 85, IQII. 

5 J. Franck, Ann. der Physik., 22, 972, 1906. 

6 Chattock, Phil. Mag., 48,-401, 1899. 
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Wellisch! found the mobilities to remain normal through a wide range of 
pressures and field strengths. The latest additions to the collections of 
data in support of the cluster hypothesis was the work of Moore,? and 
that of Haines;? while the most recent additional proof for the small ion 
theory was embodied in the works of Wellisch* and Loeb.’ The latest of 
the “‘cluster’’ exponents, namely Haines, even went a step further and 
maintained that the results of his experiments indicated not only that 
the ions were formed by clusters of molecules but also that the ions of 
the same gas—hydrogen being the case under consideration—were made 
up of the combination of molecules varying in numbers. Contrary to 
this Loeb’s work with air at potentials of as high as 12,450 volt/cm. 
gave absolutely normal results. 

Thus the facts as they stood apparently pointed in contrary directions. 
But it is only in keeping with modern experimental methodology that 
reasonable explanations be discovered for the apparently contradictory 
facts. It was for this reason that further work along this line was con- 
sidered desirable; and hence the work herein described was undertaken. 

All the observations, excepting those of Franck, Moore, and Loeb, 
employed only ordinary low potentials; and even the field strength 
employed by Franck and Moore, though higher, was merely roughly 
approximated. The method employed by Loeb in his work in air ap- 
peared to be the most definite and most direct method ever designed. 
And for this reason and for reasons that will become apparent later on, 
this method was adopted. 

An attempt was first made to repeat Loeb’s experiment with air under 
different conditions by increasing the frequency of the alternating field 
to nearly twice as high and the field strength by about fifteen per cent. 

Then the mobilities of hydrogen ions were measured in fields varying 
from 9 to 6,669 volts per cm., and those of nitrogen ions in fields varying 
from II to 17,670 volts per cm. 

The results, be it anticipated, indicated no tendency on the part of 
the ions to disintegrate; that is, the mobilities were found to be abso- 
lutely normal within the limits of experimental errors, and the law 
Up = constant, where U is the mobilities and p the pressure, was found 
to hold over the whole range of fields and pressures employed. 


1E. M. Wellisch, Am. Jour. Sci., May, 1915; Phil. Mag., Mar., '16. 
2 Moore, Puys. REV., 1912. 

3 Haines, Phil. Mag., S. 6, Vol. 30, 1915; Vol. 31, 1916. 

4 Wellisch, Phil. Mag., July, 1917. 

5 Loeb, Puys. REv., Vol. VIII., 633, Dec., 1916. 
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2. The Method. 


The method here employed was the Rutherford!-Franck? alternating 
potential method as employed by Loeb. It consists in the determination 
of the distance traversed by an ion (or rather by a number of ions) 
parallel to the direction of a known electric field during a half period of 
the alternation. From this distance d, the known potential E, and the 
frequency , the mobility U was calculated from the formula: 


a and? 
/2E- 





3. The Apparatus. 


The apparatus here employed was essentially the same as that used by 
Loeb.* In fact it was Loeb’s apparatus modified in a few details to meet 
some mechanical criticisms which had made their way into the mind 
of the present writer. However, the general structure of the apparatus 
remained the same. 


4. Establishment of Potential.‘ 


The low-frequency alternating field employed was obtained from the 
ordinary city supply. The high-frequency field was established by an 
oscillating circuit in which the oscillations were generated by a Chaffee 
Arc. By way of supplementing Loeb’s account, it may be pointed out 
here that the desired high-frequency oscillation potential was obtained 
by the application of the following formula for syntonic coupled circuits: 

Yo va" 

. VC,’ 
where C; and Vj, represent the capacity and potential across the con- 
denser plates—of one circuit, and C, and V2 the capacity and potential 
of the secondary circuit. From the above formula and from the familiar 
formula C,L; = C2L2 it can be seen that with a given primary circuit 
C,L; and a variable circuit C,L,2 it will be necessary to increase L2 and 
decrease C2 in order to increase the potential across C2 and at the same 
time to keep the circuits syntonic, or, to be exact, almost so. 

The most important condition to be satisfied here was that the potential 


1 Rutherford: Pro. Camb. Phil. Soc., IX., 410, 1898. 

2 J. Franck: Ann. d. Phys., 21, 985, 1906. 

3 See Loeb, loc. cit., for description. 

4 See Loeb, loc. cit., for description. 

5 E. L. Chaffee, Proc. Am. Acad. Arts and Sci., Nov., 1911. 

6 See J. A. Fleming, The Principles of Electric Wave Telegraphy and Telephony, 3d ed., 
Pp. 302, 1916. 











VoL. XI. 
No. 5. MOBILITIES OF GASEOUS IONS. 341 


might be as high as could be obtained provided the frequency was neither 
too high to render the critical distance d equal to or smaller than the 
sparking distance between the gauze and the collecting plate, nor too 
low to render the critical distance greater than that up to which the uni- 
formity of the field between the gauze and the place could be maintained. 
Since 

— and? . 

 V2E' 


Pod 


am ’ 
ame _ 
d= J UE 2 | va 
TT 
Thus, for a given potential E, assuming the mobility U to be constant, 
the critical distance d is inversely proportional to the square root of the 
frequency 1. 
But the sparking distance d is directly proportional to the potential 
E, say d = KE. 
Comparing this equation with that just derived above, namely, 


Peet | U2 
TN 


it can be easily seen that if 7 
Uv 2 


rK°E’ 


sparking would occur across the gauze and the plate before they were 
brought sufficiently close to each other in order to enable the ions stream- 
ing from the gauze towards the plate to reach the latter before the sign 
of the potential was reversed. 

On the other hand if ” was so small as to render d too large, the gauze 
and the plate would have to be very far from each other in order to reach 
the critical distance. This would destroy the uniformity of the field 
between the plate and the gauze. Besides, the critical distance might 
be beyond the range of the apparatus. 

There was also a practical limitation in this connection. If the poten- 
tial was too high there would be brush discharges from the edges and 
corners inside the chamber, and this would give rise to serious dis- 
.turbances. 

The arrangement found to be satisfactory in this work was that which 
gave a potential of 5,000 volts at 14,758 cycles per second. This rendered 
the critical distance, especially that for nitrogen, very near to the 
sparking distance. 
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5. The Determination of Frequency. 


The frequency of the alternating field employed was determined by 
photographing from a revolving mirror the sparks jumping across r 
when the balls were brought sufficiently close to each other. As it was 
necessary to keep the capacity of the circuit as nearly constant as possible, 
so that the frequency measured from the spark might be the same as 
that at which the mobility measurements were made, the spark gap r 
was kept in the circuit all the time. During the mobility measurements 
the gap was adjusted slightly wider in order to prevent sparking from 
occurring across it. 

A camera with a Cooke anastigmatic lens, f = 3.5, was used. The 
photography was done in three different ways; first by clamping the 
camera on the table before the revolving mirror, then by sliding the 
camera up a vertical stand, and then by sliding the negative holder up, 
with a known speed, behind a lens fixed before the mirror. 

The last method was developed under the impression that the first 
two were not accurate enough, but the results proved the inaccuracy of 
the two methods to be negligible in comparison with the other sources of 
error. However, the mechanical superiority of this method justifies a 
brief description. 

Fig. 1 represents the essentials of the arrangement. Before the re- 
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: Fig. 1. 


volving mirror M was a light-proof box B with a lens L in the front, 
and a plate holder P sliding up and down at the back. When in opera- 

tion P was pulled upward by a cord c passing over the pulleys p, p, and — 
attached to the wheel W. The arrow in the figure indicates the direction 
in which the beam of light from the spark reached the photographic plate. 
Both the revolving mirror M and the wheel W were geared to a small 
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electric motor. When in operation the plate registered a horizontal 
series of sparks at each revolution of the mirror. Thus the time taken 
for P to traverse a distance equal to that between two successive series 
of images was the same as the time for M to make one revolution. And 
by measuring the speed of the mirror and that of the plate independently 
by direct measurements, the results served to check each other, and the 
time ¢ taken for one revolution of the mirror could be obtained with 
great accuracy. 

In view of the fact that the maximum potential was only 5,000 X W 2 
volts, the sparks were not very intense when the mirror M was placed 
from two to three meters away from the gap. Thus a powerful lens was 
necessary to render the images noticeable. 

The distance between two successive sparks was determined by photo- 
graphing on the same plate, when both M and P were at rest right after 
the photographs of the sparks were taken, a horizontal scale inserted 
between the gap with its length at right angles to the straight line joining 
the gap and the center of the mirror. Thus the image of this scale on 
the same plate with those of the sparks enabled the actual—and at the 
same time the apparent—distances between the latter to be determined 
directly. 

From the time ¢, of one revolution of the mirror, the distance s between 
two successive sparks, and the distance D between the gap and the 
mirror, the frequency N of the sparks was computed by using the formula 

i 
ts 

As the frequency of the sparks was doubled the frequency of the 
alternating field we have 


2 ts ° 


The average of twelve plates taken by the various methods previously 
described, and on several different occasions, with different D’s and ?’s, 
gave the frequency mentioned elsewhere in this report. 


6. Measurement of Potential and Distance. 


The high-frequency oscillating potential was measured, while the deter- 
minations were being made, by a calibrated Braun electrostatic volt- 
meter having a range of ten thousand volts. The low-alternating poten- 
tials were measured at times by an ordinary General Electric voltmeter 
and at times by a calibrated Kelvin unicellular voltmeter. 

The distance between the gauze G and the collecting plate P were 
measured by a cathetometer which gave them an accuracy of 0.1 mm. 
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7. Mobility Determinations. 


In the determinations with high potentials the frequency and the 
potential were kept constant, and the distance between the gauze and 
the collecting plate was varied. The accumulated charges on the 
collecting plate for a chosen interval were communicated to the elec- 
trometer quadrants through platinum contact switches, and the deflec- 
tions corresponding to the various distances between the gauze and the 
plate were recorded. A number of deflections were taken for each 
variation of distance. 

The determinations with low potentials were made in two ways; by 
varying the distance keeping the potential constant, and by varying the 
potential keeping the distance constant. In both cases the electrometer 
readings were taken as above. 

The electrometer deflections were plotted against either the corre- 
sponding distances or the corresponding potentials, and the critical 
distances or the critical potentials, as the case might be, were determined 
by finding the points of inflection on the curves. 

The determinations of the positive and negative mobilities were made 
simultaneously by reversing the sign of the retarding field. 


8. Production and Purification of Gases. 

When the determinations were made in air the content of the chamber 
was first pumped out with a Pearson pump and fresh air was let in through 
a number of bottles containing concentrated sulphuric acid and a series 
of tubes containing calcium chloride and phosphorus pentoxide. 

The hydrogen used was generated by a Kipp generator from HCl and 
zinc. It was passed successively through bottles containing KOH and 
concentrated H;SO,, and tubes containing P,O; and CaCls, and then 
through two bulbs containing charcoal of cocoanut shell and immersed 
in liquid air, before its admission into the chamber. The chamber was 
revacuated and refilled three or four times before each set of readings 
were taken. This method, in all probability, produced, as far as the 
results have shown, very pure hydrogen. 

The nitrogen employed in this work was produced by, warming a 
mixture of sodium nitrite and ammonium sulphate. It was purified, 
before its introduction into the chamber, by its passage through solutions 
of KOH, FeSQ,, and concentrated H:SO,, and through tubes containing 
P.O;, CaCle, and heated copper. The content of the chamber was, as 
it was in the case of hydrogen, vacuated from three to four times before 
each set of readings were made. 
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Part II. RESULTs. 
1. Air. 


Fig. 2 shows a characteristic set of curves plotted from the measure- 
ments with air at atmospheric pressure (749 mm. of mercury). I. and 


Deflection in cm, 





xX = Positive OeNegative 


Fig. 2. 
Air. I.and II. With N = 14,758 cycles; E = 5,000 volts; P = 748 mm. 
III. and IV. With N 60 cycles; E = 118 volts; P = 748 mm. 


II. were respectively positive and negative curves obtained with the high 
frequency oscillating potential of 5,000 volts. The critical distances were, 
as it may be seen on the curves, 0.5 cm. for the positive and 0.55 cm. for 
the negative ions. 

Curves III. and IV. were obtained with the ordinary 60-cy. 110-volt 
alternating potential. 1.10 cm. and 1.25 cm. were taken as the critical 
distances for the positive and negative ions. 

The results obtained for air are summarized in Table I. The first and 
second columns contain respectively the positive and negative mobilities 
computed from the formula, 

_ nd? 

— V2E" 
deduced elsewhere in this report. The third and fourth columns contain 
the potential gradients calculated from the formula 


_V2E 
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TABLE I. 
Table of Results Obtained for Ionic Mobilities in Air, February-March, 1917. 
1. 60 cy. 119 volts. 





Ur tT te 1 am | & 1 eel eel 2 

1.12 1.75 168 | 134 | 746 | 1.10 | 1.72 | 1.56 
1.12 1.75 168 134 | 746 | 1.10 | 1.72 | 1.56 
1.12 1.75 168 | 134 | 752 | 1.10 | 1.73 | 1.56 
1.25 (1.73 168 | 134 | 742 | 1.22 | 1.70 | 1.38 








ae ni we | | “4.14 | 1.72 | 1.51 








2. 14,758 cy. 5,000 volts. 





1.64 1.98 14,160 | 12,870 | 752 | 1.62 | 1.92 | 1.21 
1.57 1.84 14,160 | 12,870 | 750 | 1.56 | 1.82 | 1.17 
1.64 | 1.98 14,160 | 12,870 | 749 | 1.61 | 1.95 | 1.21 
1.57 1.84 14,160 | 12,870 | 746 | 1.55 | 1.81 | 1.17 
1.82 2.10 13,810 | 12,650 | 692 | 1.66 | 1.92 1.17 
2.26 2.61 12,300 | 11,550 | 558 | 1.66 | 1.91 | 1.16 


























_ | | 1.61 | 1.90 | 1.18 
Mean of both sets. | {1.37 | 1.81 | 1.34 








U + = Mobility of positive ions. 


U — = Mobility of negative ions. 

XxX = Field strength in volt/cm. 

Eg = Pressure in mm. R=K —/K+4. 
K = Mobility at 760 mm. pres. 

X --/P Max. = 20.70, Min. = 0.18. 
X +/P Max. = 22.04, Min. = 0.22. 


In the fifth column are the various pressures under which the determina- 
tions were made. Ky, represents the positive, and Kz the negative 
mobility reduced to the pressure of 760 mm. of mercury. In the last 
column R, is found the ratio between the positive and the negative 
mobilities. 

The potential used was as high as 14,160 volt/cm. for the positive and 
12,870 volt/cm. for the negative ions. The maximum value of x/p was 
20.70 for the negative ions and 22.04 for the positive. 

The above results, as it may be seen, show that both the positive and 
the negative mobilities remained, within the limits of experimental error, 
absolutely normal, and thus no indication whatsoever could be found of 
there being any tendency of the ions of either sign to disintegrate under 
the potentials of the magnitude employed. 

These results more than amply substantiated those obtained by Loeb 
in his work and it is therefore quite safe to conclude that the evidences 
obtained so far point in the direction of the ‘small ion’’ theory. 
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2. Hydrogen. 


Fig. 3 shows a characteristic set of curves plotted from the measure- 
ments on hydrogen with the high-potential high-frequency oscillating 
field. 

The peculiarity that distinguishes these curves from those previously 
obtained for air is the extension of the negative curves II., and IV.— 
one obtained under a pressure of 748 mm., while the other under 290 mm. 
—beyond the workable range of the apparatus. That this extension 
could not be the result of mechanical error is clear from the fact that the 
curves obtained for air under similar conditions showed no such extension, 
and even in the case of hydrogen the extension made its appearance only 
when the chamber was newly filled with gas directly from the generator 


cm. 


Deflections in 





{ 
X = Positive. © = Negative Plate distance in.mm 


Fig. 3. 
Hydrogen. I. and II. With N = 14,758 cycles; E = 4,000 volts; P = 748 mm. 
III. andIV. With N = 14,758 cycles; E = 4,000 volts; P = 290 mm. 
V. taken 7 hrs. after IV. was taken. 
VI. with N = 60; E = 118 volts; P = 748 mm. 
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and through the purifying agents. When the gas was left in the chamber 
for some time this peculiar characteristic disappeared altogether. Curve 
V. (Fig. 3) was plotted from measurements on the same content, and 
under similar conditions, of course, as that from the measurements of 
which Curve IV. was plotted, except that the gas had been left in the 
chamber for about seven hours. 

Again, this extension could not be attributed to the possibility that 
the gas had been charged when it was freshly prepared. In the first 
place, in the process of purification, the gas had to pass through twelve 
layers of glass-wool located in different parts of the purifying and drying 
agents. In the next place if the gas had carried any charge with it on 
entering the chamber the presence of this charge would have been 
indicated by the electrometer when the gas came in contact with the 
collecting plate. As the electrometer did not show any indication, it is 
only reasonable to conclude that the gas did not carry any charge at all 
when it entered the chamber. 


3. EXISTENCE OF FREE ELECTRONS. 


The most plausible explanation for this extension, therefore, must be 
sought in the existence of free electrons as was suggested by Wellisch.! 
On the basis of that hypothesis the deflections constituting the upper 
part of the curves II. and IV. may be interpreted to consist of the effects 
of both the normal negative ions and the free negative electrons, whereas 
those constituting the lower part of the curves may be conceived as 
due entirely to the free negative electrons. And such curves as those 
represented by V. may be said to be due entirely to normal negative ions. 
The ephemeral existence of these free electrons as proved by this latter 
case may conceivably be the result either of their fast dissipation into 
the walls of the chamber or of their ready formation of negative ions with 
the neutral molecules of either hydrogen or the impurities that found their 
way into the chamber in the meantime. Whichever way it might be, 
it is clear that these results indicate the existence of free negative electrons 
in hydrogen—at least in freshly prepared hydrogen. 


4. Existence of Other Species of Negative Ions? 


As mentioned previously, Haines? reported that he found two kinds 
of negative ions in hydrogen other than the normal negative ions. The 
existence of these ions was inferred from the fact that from the curves 
he obtained three different negative mobilities could be deduced. These 


1 Am. Jour. Sci., May, 1915; Phil. Mag., March, 1916. 
2 Haines, loc. cit. 
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mobilities were 40.6, 15.9 and 7.9 respectively. Thus from these mobili- 
ties he inferred that the number of hydrogen molecules constituting the 
positive and the three species of negative ions were respectively 9, 6, 3, 
and 1, at 76 cm. pressure and 15° C. 

An effort was made to search among the results of the present experi- 
ment for premises from which the above mobilities could be inferred. 
And since, by virtue of the method employed, the inflections of the curves 
were the only ground on which computation of mobilities was based, the 
various curves were closely scrutinized to see if more inflections could not 
reasonably be found. Take Curve II. (Fig. 3) for example: if Haines’s 
ions existed in the present experiment, there would be besides the inflec- 
tion at the plate distance of 10 mm., two other inflections, one at about 
14 mm. and the other at a distance of between 23 and 25 mm. As all 


Deflectionsincm. 





7 7 
Volts Hydrogen 


Fig. 4. 
Hydrogen. With P = 752 mm.; d = 2.0cm.; N = 60 cycles per sec. 


efforts toward this end proved of no avail, it was concluded that either 
there were no such ions at all as Haines’s B and C, or that they were 
actually present, only that the disposition of the apparatus employed 
was not sufficiently adequate for their detection. Furthermore, if it 
could be proved that these ions were not present the question still 
remained as to whether they were non-existent in general, or whether 
they did actually exist in Haines’s but not in the present experiment. 
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On account of the above considerations the experiment was diverted 
to a slightly different direction. It was for the sake of the ratification of 
the method and apparatus thus far employed that an attempt was made 
to repeat Haines’s experiment. Haines’s experimental conditions were 
reproduced as exactly as possible according to his descriptions! with the 
expectations of obtaining similar results. 

The results of this attempt were typified by the curves in Figs. 4 and 5. 
As it may be seen, there were striking similarities between these curves 


Deflections in cm. 





Hydrogen 


Fig. 5. 
Hydrogen. P = 498 mm.; d = 2.0cm.; N = 60 cycles. 


and those obtained by Haines from whose report Fig. 9 was copied; 
excepting the absence from the former of the inflections from which 
the mobilities 40.6 and 15.9 might be computed. The abundance of 
free electrons at the start manifested itself very markedly in all the 
curves obtained; and this would seem to vitiate all possible questions 
regarding the purity of the gas. The normal negative ions—namely those 
having the mobility 8.45 according to this experiment, or 7.9 according 
to Haines’s—were distinguished by the definite inflections and intercepts 
of the curves. 

Thus, these results agree with those of the employment of the high- 
frequency high-potential oscillating field in pointing to the conclusion 
that there were, in all probability, no other species of negative ions in 
hydrogen besides the one kind that were ordinarily found. 

1 Haines, Phil. Mag., S. 6, Vol. 30, 1915. 
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Perhaps it will be proper to mention here the fact that no sooner had 
the above conclusion been arrived at than it received corroboration from 
Wellisch’s latest paper! in which it was reported that no trace could be 
found of Haines’s ions B and C. 

But how did Haines come to get these different mobilities? Such a 
question is not at all superfluous, since the spirit of experimental method 
demands a reasonable explanation for each and every apparent fact, and 
a mere denial or a conclusion to the contrary effect can no more explain 
away what had been considered fact than it can cause the earth to revolve 
in the opposite direction. A careful study of Haines’s figures seemed to 
point to the possible ground on which some explanations may be based. 
The part of the curves below the point A, as it may be seen from Fig. 6, 
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Haines’s curve for hydrogen, reproduced from Phil. Mag., S. 6., Vol. 31, 
p. 340, Fig. 1, April, 1916. 


which is a reproduction of his Fig. 1, shows irregularities which might 
very well be due to the fluctuation in the electrometer deflections caused 
by residual charges on the insulating material near the collecting plate. 
This source of disturbance was found in the present experiment to be the 
most troublesome, particularly when the high frequency oscillating field 
was employed. Besides, even without any promiscuous charges, fluctua- 
tions of some sort in the electrometer deflections were unavoidable, though 
they would not be so high, in most cases, to confuse the legitimate results 
provided proper precautions were taken; and no attempt was made to 
draw the curve to pass all the points. For instance, the portions of the 
curves in Figs. 4 and 8 corresponding to the parts of those in Fig. 7, in 


1 Wellisch, Phil. Mag., S. 6, No. 199, p. 32, July, 1917. This number of the Phil. Mag. 
reached Ryerson Lab. just after the work was completed. 
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which the inflections B and C occurred, might be drawn in such a way as 
to have as many inflections as there were points; and with some imagina- 
tion equally as many different mobilities might be deduced and hence as 
many kinds of ions might be inferred therefrom. But would these inflec- 
tions be definite enough to justify the might-have-been conclusions? The 
answer seemed to be decidedly negative. A comparison of the inflections 
B and C with those designated by A in Haines’s curves would conduce at 
once to the conclusion that the former were not sufficiently definite to 
justify the inference of any sort of negative ions other than the normal. 
The lower parts of Haines’s curves could be interpreted to indicate noth- 
ing other than the gradual decay of the ephemeral free electrons. Even 
Haines himself was not quite definite, as he said, about the existence of 
that class of ions he designated by C. 

Thus while it would not be in keeping with the spirit of modern experi- 
mental methodology to make any dogmatic statement regarding the 
existence or non-existence of these other kinds of negative ions in hydro- 
gen, there seems to be in Haines’s experiment no evidence of the existence 
of these other ions which he claimed to have discovered. 

Aside from the fact that no indication of these ions could be found in 
the present experiment, and that there was no evidence inherent in 
Haines’s results of their existence, there were positive experimental 
evidences against them. Franck! had found the mobility of the rest- 
atoms, namely the positively charged atoms of thorium D, in hydrogen, 
the same as that of the positive hydrogen ions. Now, as the molecular 
weight of hydrogen is 2 and that of thorium D is 208, it would follow, 
so reasoned Franck on the basis of the theory which led Haines to infer 
these other ions, that the positive hydrogen ion must consist of at least 
20 hydrogen molecules in order to have the same mobility as the restatom. 
That being the case, the normal negative ion, according to the ratio 
given by Haines, must be a cluster of at least 14 molecules, and the 
supposed ions B and C must be constituted respectively by at least 7 and 
2 molecules. Whether the number of molecules constituting the various 
species of ions be deduced from the results of Franck or from those of 
Haines, it would be expected that the ions would disintegrate when a 
high electric field was applied; only the disintegration would occur 
much sooner if the former were the case. Furthermore if disintegration 
did appear it would appear with the positive ions first, then with the 
normal negative ions, and then with the other; and if there were ions 
that were likely to remain intact it would be the ions designated by 


1 J. Franck, Ver. d. Deut. Phys. Ges., 11, 397, 1909. Also Franck u. J. Weitner, Ibid. 
13, 671, IQII. 
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Haines as C. In other words, the positive and the normal negative ions 
would be the first to dissociate, and their dissociation would manifest 
itself in the disappearance of the inflections of the curves from which 
their normal mobilities were computed, and there would remain only the 
inflections indicating the mobilities of C—and possibly B. But as the 
results of the present experiment showed the positive and the negative 
mobilities to remain absolutely normal under the high field employed, 
whereas no indication of the higher mobilities could be found, it is 
evident that no combinations such as claimed by Haines ever existed and 
that each ion was a single charged molecule. If, on the other hand, 
Franck’s conclusion that the mobilities of ions were independent of their 
masses! was accepted, then it would at once shatter the foundation upon 
which these various congregations of molecules called ions were built. 

Thus it can be asserted with reasonable certainty that there existed 
in hydrogen no species of negative ions other than the one kind which 
was constituted by a single negatively charged molecule. 


5. Relative Amount of Free Electrons under High and Low Potential. 


As to the amount of free electrons found at high potential as com- 
pared with that found at low potential no absolute comparison could 
be made. Such comparison was rendered impossible by the difference 
between the time necessary for one and the other set of measurements. 
A set of measurements with the high-frequency high-potential oscillating 
field took from two and a half to three hours, whereas a set of measure- 
ments with the low-potential took only from forty-five minutes to an 
hour. Thus in the former case the rate of dissipation of the free electrons 
was great in comparison with the rate at which the measurements were 
made, and undoubtedly a large proportion of the free electrons had 
decayed before the measurements were completed. That this was the 
case may be seen from Figs. 4 and 5 where the slope of the lower part of 
the curves dropped considerably when the measurements were made a 
few hours later. 

However, an approximate comparison may be made between the 
critical distances and potentials in the two cases by making proper 
allowance for the aging effect. Thus a comparison may be made between 
curve II., Fig. 3, and curve II., Fig. 4. In the case of the former the 
chamber was freshly filled just before the measurements were started; 
and the measurements represented by the point A were made about an 
hour and a half afterwards—that is, at the middle of the set. Curve II., 
Fig. 4, was taken three hours after the chamber was filled. Thus the 


1 J. Franck, loc. cit. 
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measurements represented by A in Fig. 3, and those represented by A’ 
in Fig. 4, may be considered as taken when the gases in the two cases 
were approximately of the same state in so far as aging effect is concerned 
—A of course was reached an hour earlier. Now, at the point A the plate 
distance was 10 mm., the potential was 4,000 volts, and the pressure 
was 748 mm., while at the point A’ the plate distance was 20 mm., the 
potential 56 volts, and the pressure 752 mm. If the amount of free 
electrons was the same in both cases A should have a much greater 
ordinate than A’. But just the reverse is shown by the curves. Thus 
it would be reasonable to conclude that at these points the amount of 
free electrons was less in one than in the other case. And since the 
aging effect, the only factor found thus far to have any influence upon 
the amount of free electrons present in the gas, was approximately the 
same in both cases, and since the only difference between the conditions 
under which the measurements were made was that of potential, it 
follows that the amount of free electrons present in the gas was smaller 
under high than under low potential. 

' This would seem to suggest that the electrons—some of them at least— 
did actually attach themselves to neutral molecules and thus form, when 
a high potential was applied, negative ions. This would not be at all 
impossible since the tremendous velocity imparted to them by the high 
electric field would enable them to produce ions from neutral molecules 
by attaching themselves to the latter at collision. It would.be interesting 
to find out where, that is, at what potential—other conditions remaining 
the same—this sort of ionization actually would begin. 


6. Summary of Results for Hydrogen. 


The results of the mobility measurements for hydrogen are given in 
Table II. The annotations of the various columns are similar to those 


of Table I. 
TABLE II. 
Resulis Obtained from the Measurements on Hydrogen, May-June, 1917. 
1. 14,758 cy. 4,000 volts. 





























U+. u—. | Pa a Pp. | K+. | Ko] OR 
5.51 8.20 | 6,669 | 5,668 | 748 | 5.43 | 8.10 | 1.49 
5.92 8.20 | 6,669 | 5,668 | 748 | 5.81 | 8:10 | 1.38 
5.51 8.20 6,669 | 5,668 | 746 | 5.40 | 8.10 | 1.49 
8.20 12.21 | 5,668 | 4,723 | 518 | 5.58 | 8.35 | 1.49 
14.94 20.99 | 4,192 | 3,524 | 290 | 5.70 | 8.15 | 1.41 
14.94 20.99 | 4,192 | 3,524 | 300 | 5.84 | 8.35 | 1.41. 
BN agi vind | | 5.56 | 8.19 | 1.45 
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2. 60 cy. 
a 8 #234” fase, ) Zara es 6 ly ee Peo 
5.50 | 8.80 25.0 | 165 | 746 | 5.41 | 8.65 | 1.52 
6.60 | 11.19 | 20.0 | 13.0 | 600 | 5.22 | 8.80 | 1.62 
8.95 13.28 | 29.5 24.0 | 498 | 5.85 | 8.70 | 1.48 
13.90 22.00 19.8 | 11.5 | 300 | 5.49 | 8.69 | 1.58 
22.91 31.06 165 | 9.0 | 198 | 5.95 | 8.15 | 1.34 
ey 9.26 wae Bs eee Le 
Mean.......-.--| ee a | | 5.52 | 8.71 | 1.57_ 
Mean of both fre-| 5.54 | 8.45 | 1.51 
; quencies.... oe 
X -—/P Max. = 12.15, Min. = 0.38. 
X +/P Max. = 14.45, Min. = 0.66. 


It may be seen that with a potential gradient of 6,669 volt/cm., 
or x/p = 14.45, the positive mobility remained absolutely constant. 
The negative mobility remained constant with 5,668 volt/cm., and 
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Fig. 7. 
Nitrogen. P = 750 mm.; N = 14,758 cycles; E = 5,000 volts. 


x/pb = 12.15. Thus it can be concluded that the law Up = constant 
was verified for hydrogen up to these limits. 


7. Nitrogen. 
Fig. 7 shows the kind of curves obtained for nitrogen under the high- 
potential oscillating field. The negative curve here exhibited no exten- 
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sion and thus indicated the absence of free electrons during the measure- 
ments. As there were in the low-potential measurements indications of 
the presence of free electrons it seems highly probable that the complete 
disappearance of them under the high field was due to their forming 
negative ions with the neutral molecules. 

The presence of an abundance of free electrons is indicated by the 
curves in Fig. 9, plotted from the measurements under 140 mm. pressure. 

However, as it may be seen from Fig. 8, the amount of free electrons 


cm. 


Detlections in 





Nitrogen | Volts: 


Fig. 8. 
Nitrogen. P = 360 mm.; d = 1.0cm.; N = 60 cycles. 


present in nitrogen was much smaller than that in hydrogen at the same 
pressure. 

The aging effect here, as it was in the case of hydrogen, was to reduce 
the amount of free electrons. This might be due to the dissipation of the 
electrons into the wall of the chamber or to the presence of impurities 
which had crept in in the meantime. 

Table III. shows a summary of results obtained for nitrogen. The 
maximum potential gradient employed was 17,670 volt/cm., for the 
positive, and 14,880 volt/cm., for the negative ions. The mobilities 
remained absolutely normal up to these limits and the law Up = constant 
is applicable here as it was in the case of air and hydrogen. 
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Nitrogen Volts 
Fig. 9. 
Nitrogen. P = 140 mm.; d = 2.0cm.; N = 60 cycles. 
TABLE III. 
Results Obtained for Nitrogen, July, 1917. 
1. 60 cy 
Ut v-.—s | X4. x-. | ep |xe+ei xe] ek 
17.60 22.96 15.0 | 11.5 60 | 1.39 | 1.81 | 1.30 
eae 10.15 ee ae fee 4 
2.81 3.88 47.0 | 33.5 360 | 1.33 | 1.84 | 1.38 
1.27 1.65 51.0 | 40.0 750 | 1.26 | 1.62 | 1.30 
1.36 1.84 50:0 | 38.0 745 | 1.33 | 1.80 | 1.35 
1.34 1.82 49.8 | 38.0 745 | 1.31 | 1.78 | 1.36 
Mean......-.--- ee ee ee eS 
2. 14,758 cy. 5,000 volts. 
etl | —_—— 
1.31 | 1.84 | 17,670 | 14,880 750 | a 1.82 | 1.40 
1.31 1.84 | 17,670 | 14,880 | 745 | 1.28 | 1.80 | 1.40 
1.31 1.84 17,670 14,880 | 742 | = | 1.80 | 1.40 
2.76 3.93 | 13,910 | 10,110 | 360 o 1.86 1.42 
2.76 3.93 | 13,910 10,110 345 .26 | 1.78 | 1.42 
ES | | | 1.28 | 1.81 | 1.41 
Mean of both tre- | | 1.30 | 1.80 | 1.38 
_quencies . a | 7 
a ee Max. = 29.0, —S Min. = 0.05. 


X +/P Max. = 40.0, Min. = 0.07. 
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CONCLUSION AND DISCUSSION. 


As no indication was exhibited by the results of the present experi- 
ment of the breaking down of the law Up = constant, it must be con- 
cluded therefrom that both the positive and the negative ions did not 
disintegrate at the potentials employed. 

It has been indicated elsewhere in this paper that the cluster hypothesis 
demands the disintegration of the ions when the potential gradient X, 
or the ratio X/p (where p is the pressure in mm. mercury) is sufficiently 
high. According to Townsend! the disintegration should commence 
when X/pisabouto.1. In the present experiment the potential gradients 
applied were 14,160, 6,669, and 17,670 volt/cm., respectively, for air, 
hydrogen, and nitrogen, when the positive mobilities were measured. 
The values of X/p here ranged from 0.22 to 22.04 for air, 0.66 to 14.45 
for hydrogen, and 0.07 to 40.0 for nitrogen. The negative mobilities 
were measured at potential gradients as high as 12,870, 5,668, and 14,880 
volt/cm., for the gases in the order named. The values of X/p here 
ranged from 0.18 to 20.70 for air, 0.38 to 12.15 for hydrogen, and 0.05 to 
29.0 for nitrogen. As the results show no tendency on the part of either 
the positive or the negative ions to disintegrate under these conditions 
they must be interpreted as contradictory to the hypothesis. 

On the contrary, these results are in perfect agreement with the atom- 
ion hypothesis. Taking this in conjunction with the results of other 
experiments, especially those of Wellisch and Loeb, there does not seem 
to be any doubt at all regarding the validity of this hypothesis; and the 
cluster hypothesis must resort to other than the usual arguments for 
its support. , 

There is left an experimental fact which the cluster hypothesis may 
conceivably rely upon for support, and that is the difference between the 
positive and negative mobilities found by actual measuremeuts. On the 
basis of the cluster hypothesis the relatively smaller mobility of the 
positive ion is attributed to its greater size as compared with the negative 
ion. It is argued that if both the positive and the negative ions are 
single-charged molecules why should they have different mobilities when 
their charges and sizes are the same? The difference between the posi- 
tive and the negative mobilities therefore must be conceived as due to 
the difference between the sizes of the two kinds of ions. The positive 
mobility being smaller, the positive ion must therefore be heavier. This 
appears quite plausible at first sight; and it does seem, indeed, as though 
no such reasonable explanation could be offered by the exponents of the 
small ion. 

1 Townsend, Electricity in Gases, Oxford, 1915. 
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This difficulty of the small-ion hypothesis, however, is more apparent 
than real. For, in view of recent theories as to the electronic constitu- 
tion of matter it would not be reasonable for the exponents of the small 
ion to expect equality between the two kinds of mobilities. The ordinary 
theoretical derivation of the formule for mobilities, it should be re- 
membered, involved a fundamental presupposition that the mean free 
path is the same for the positive as for the negative ions. That this 
assumption is unjustifiable will be seen from the following considerations. 

If an atom is formed by a positive nucleus surrounded by a system of 
negative electrons held together by attractive force from the nucleus,! 
the phenomenon of ordinary molecular collision must be attributed to 
the repulsion between the two systems of negative electrons on the 
colliding molecules. ‘‘The reason that two molecules thus rebound 
from one another when in their motion of thermal agitation their centers 
of gravity approach to a distance of about 2 X 10-* cm., is presumably 
that the atom is a system with negative electrons in its outer regions. 
When these negative electrons in two different systems which are coming into 
collision approach to about this distance, the repulsions between these simi- 
larly charged bodies begin to be felt, although at a distance the atoms are 
forceless. With decreasing distance this repulsion increases very rapidly 
until it becomes so great as to overcome the inertias of the system and drive 
them asunder.” 2 

There does not seem to be any reason why the above conception may 
not be extended to the case of a collision between an ion, which is a 
charged molecule, and a neutral molecule. When the ions approach 
the neutral molecules the negative electrons in the two systems are 
brought close to each other and the force of repulsion between these 
peripheral electrons will begin to manifest itself. 

Thus between an ion and a neutral molecule there exists, besides the 
attraction due to the charge in the ion, a repulsion due to the peripheral 
negative electrons. These two forces would effect the mean free path 
of the ions in opposite direction—the former causing it to decrease while 
the latter cause it to increase—and the effective mean free path would 
depend on their algebraic sum. 

Furthermore, if the process of positive ionization consists in the detach- 
ment of a single negative electron from a neutral molecule, and that of 
negative ionization consists in the attachment of a negative electron to 
a neutral molecule, it should be expected that the repulsive forces would 
be different when the two kinds of ions collide with a molecule which is 


1 Rutherford, Phil. Mag., XXI., 669, rorr. 
2 Millikan, The Electron, 181, 1917. Italics mine. 
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not charged. The repulsion between a negative ion and a neutral 
molecule would be greater than that between a positive ion and a neutral 
molecule, since there are more negative electrons in the negative ions 
than in the positive. 

Thus, assuming that the attraction between the positive ion and the 
neutral molecule is the same as that between the negative ion and the 
neutral molecule—and there is every reason to suppose this to be the 
case—we should expect the effective mean free path to be greater for the 
negative ion than for the positive. And since the mobility is proportional 
to the effective mean free path the negative mobility would be greater than 
the positive. 

An illuminating example of this may be derived from the Bohr atom! 
which is an embodiment of the nucleus atom. As we are here primarily 
interested in the molecule we may take as example the Bohr hydrogen 
molecule,? which is the simplest treated. A hydrogen molecule here is 
conceived of as a system of two positive nuclei situated at a distance 2) 
apart with two negative electrons travelling in a circle of radius a in the 
plane perpendicular to and bisecting the axis joining the nuclei. Ex- 
tending this conception to the hydrogen ions, we have the positive ion 
consisting of a single negative electron, and a negative ion of three 
negative electrons, all circling about an axis joining two positive nuclei. 
Thus the number of negative electrons in the colliding systems would be 
5 in the case of a collision between a negative ion and a neutral molecule, 
and 3 in that of a collision between a positive ion and a neutral molecule. 
The ratio of the negative to the positive mobilities must somehow vary 
with the ratio of 5 to 3—although the writer is not prepared at present 
to say what sort of proportionality there exists between the two quan- 
tities. 

From this point of view we may expect the ratio of the negative to the 
positive mobility to approach unity as the total number of negative elec- 
trons in both the ions and the neutral molecules increases. For, as the 
difference between the total number of negative electrons in a positive 
ion colliding with a’molecule and that in a negative ion colliding with a 
molecule is always two, it can easily be seen that this difference would 
not result in an appreciable difference in the ratio between the two 
numbers when they are sufficiently large. This is what has actually 
been found in the cases of gases the molecules of which are of a more 
complex structure. The positive mobility is found in these gases to 
approach the negative. 

1 Bohr, Phil. Mag., XXVI., 1913, pp. 1, 476 and 857; XXIX., 1915, p. 332; XXX., 


1915, P. 394. 
2 Phil. Mag., XXVI., 1913, p. 863. 
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Furthermore, as the repulsive force varies inversely with the distance 
between the colliding systems it follows that the more peripheral the 
negative electrons are the smaller this force would be. And hence with 
charged and uncharged molecules of gases of more complex structure the 
repulsive forces would be very nearly the same whether the ion contains 
one more or one less negative electron than the uncharged molecule. 
Thus we should expect the two kinds of mobilities to approach each other 
in the cases where the gases are of a more comlpex nature. 

But the above explanation for the differences between positive and 
negative mobilities would not be applicable to the cases where the ratio 
of the negative to the positive is less than unity. This would be a real 
stumbling block indeed if the mobilities in such cases had been accurately 
determined and the differences found between them had been sufficiently 
great. As far as evidences are available the differences between the 
positive and negative mobilities are, when the former are greater, never 
more than a few per cent., which may very well be due to experimental 
fluctuations. 

However, an experiment is now in progress to redetermine the mobilities 
of some of the gases in which the positive had been found to be greater 
than the negative, and until conclusive evidence resulted in the actual 
establishment of real differences which cannot be attributed to experi- 
mental fluctuations, the above explanation seems to be the most reason- 


able one so far advanced. 
SUMMARY. 
To reiterate then: 


1. The previous experiment of Loeb on the ionic mobilities in air has 
been repeated and confirmed. 

2. The law Up = constant was found to hold for the negative ions 
from 134 to 12,870 volt/em. or from X/p = 0.18 to 20.70; and, for 
positive ions from 186 to 14,160 volt/cm., or from X/p = 0.22 to 22.04. 

3. The experiment was extended to hydrogen and nitrogen, and the 
law Up = constant was found to hold in both cases. 

4. The law Up = const. was verified in hydrogen for negative ions 
from 9 to 5,668 volt/cm. or from X/p = 0.38 to 12.15; and for positive 
from 16 to 6,669 volt/cm. or from X/p = 0.66 to 14.45. 

5. In nitrogen, negative mobility was found to remain constant from 
II to 14,880 volt/cm. or from X/p = 0.05 to 29.0; and the positive 
mobility constant from 15 to 17,670 volt/cm., or from X/p = 0.07 to 40.0. 

6. Free electrons were found to exist in both hydrogen and nitrogen 
even at atmospheric pressure; more in hydrogen than in nitrogen. 

7. More free electrons were found with low potentials than with high 
potentials. 
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8. The aging effect upon the gases at constant pressure was to reduce 
the relative amount of the free electrons. — 

9g. No indication was found of Haines’s negative ions B and C and in 
general no indication was found so far which would prove to be favorable 
to the cluster theory. 

10. The differeace between positive and negative mobilities are ex- 
plained by the nucleus-atom theory, and an experiment is now in progress 
with the gases where the proposed explanation does not seem to be 
applicable. 

In conclusion the writer wishes to register his appreciation and grati- 
tude to Professor R. A. Millikan for the kind encouragement and direction 
he received during the present experiment. He also wishes to thank Dr. 
A. J. Dempster, to whose enthusiasm and experience he resorted during 
Professor Millikan’s temporary absence from Ryerson Laboratory. And 
finally he wishes to express his appreciation for his initiation into the 
technique of the experiment by Dr. Leonard B. Loeb, his friend and 
former colleague. 
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EFFECT OF HYDROGEN ON THE ELECTRICAL 
RESISTIVITY OF CARBON. 


By T. PECZALSKI. 


ERTAIN measurements made on the change in the resistance of a 

carbon filament, first when heated in vacuum and then in a gas 

to the same temperature, showed changes which were opposite in direction 

from what might be expected due to the changes in temperature inside of 

the filament. This was especially noticeable in hydrogen and a further 
study has led to the results here described. 


EFFECT OF HYDROGEN ON RESISTIVITY OF CARBON AT ROOM 
TEMPERATURES. 


Description of Apparatus.—The apparatus is shown diagrammatically 
in Fig. 1, in which there is represented a small chamber capable of with- 
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Fig. 1. 


Diagram of apparatus. 
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standing pressures of several atmospheres. It contained a window W 
and a screw S which was electrically insulated from the wall. To this 
screw and to a projecting copper wire J on the opposite wall, a carbon 
filament F was fastened by means of paste P such as is commonly used 
in carbon lamps. The filaments used, which were kindly furnished by 
Dr. Moore, of the National Carbon Company, were about 1.6 mm. in 
diameter, 10 cm. long and composed of coke carbon. By means of small 
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tubing, connections were made through the necessary valves with a 
pressure gauge G, a hydrogen tank H and a vacuum pump V. The ends 
of the filament were connected with a battery Bt and a Wheatstone bridge 
Br, as is indicated in the diagram. 

Measurements.—The method of procedure for the most part has been 
as follows: The chamber was first evacuated and the resistance of the 
filament (F) measured. Then the filament was electrically heated and, 
after cooling, the resistance was measured again. Several repetitions of 
the resistance measurements were made until steady state values had 
been obtained. Following this hydrogen was passed into the chamber. 
The resistance was again measured after a steady condition had been 
reached; then the filament while thus immersed in the gas was reheated 
to the high temperature for a short time. Again after cooling the 


TABLE I. 


The Resistance of a Carbon Filament in Hydrogen Maintained at Room Temperature under 
Various Pressures. 
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Pressure in Atmospheres. Time. 
2.740 ohms..... yesesnwes 1 (air) 0 
grb acaua ca iaieaauacane 24 (hydrogen) 1 minute 
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RS ae ee ee raion 33 “s 4hours30 “ 
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Fig. 2. 


Cold resistance changes of a carbon filament following several consecutive heatings in 
hydrogen (cross-hatched) at 33 atmospheres and in vacuum (not cross-hatched). The dura- 
tions of the intervals of heating in seconds are indicated by the numbers just below the plat. 
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resistance was measured. The temperatures (approximately 2,000° K.) 
were roughly determined by comparing the color of the luminous flux 
from the filament with that from a standard source by means of an 
ordinary photometer arrangement. 

As a preliminary test the resistance of a filament was measured, first 
in a vacuum and then in hydrogen under a high pressure. These meas- 
urements were continued for about twenty-four hours to see whether 
the effects observed could be accounted for without heating the filament 
to high temperatures. The results of such a test are indicated in Table I. 
These results are not sufficiently accurate to prove the existence of a 
variation in the resistance of the filament in hydrogen under pressures 
varying from very nearly 0 to 33 atmospheres. 

Following this a new filament was placed in the chamber and its 
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Fig. 3. 


Cold resistance changes of a carbon filament following several consecutive heatings in 
hydrogen (cross-hatched) at 3 atmospheres and in vacuum (not cross-hatched). The duration 
of the intervals of heating in seconds are indicated by the numbers just below the plat. 


resistance was measured at various times in conformity with the general 
plan outlined above. The accompanying resistance changes (always at 
room temperature) throughout the experiment are recorded in Table II, 
and shown graphically in Fig. 2. 
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Similar measurements made on another filament but with the hydrogen 
pressures of the order of 3 atmospheres, gave results which are platted in 
Fig. 3. It is to be noted that the results are exactly similar in character 
to what were obtained at the higher pressures but that the effects are 
less in magnitude. 

TABLE II. 


The Resistance of a Carbon Filament in Hydrogen and in Vacuo after Having Cooled to Room 
Temperatures, Following Heatings for Short Intervals at about 2,000° K. 



































: | ‘ | Duration of Heating Just 
Time. Pressure. Resistance. | Following Previous 
| Resistance Measurement. 

Ohr. O min. 0 atm. 2.780 ohms | = 

1 0 0 2.257 5 sec. 
1 30 0 1.800 15 
1 33 32 1.805 0 
{ 1 36 32 1.910 15 
1 39 33 1.905 | —_ 
{ 1 +4 33 1.995 15 
1 48 33 1.992 — 
1 50 0 2.000 | 0 
{ 1 56 0 1.858 10 
1 59 0 1.858 — 
{ 2 4 0 1.768 | 10 
2 7 0 1.767 — 
z 10 33 1.768 0 
{ 2 14 33 1.820 10 
2 17 33 1.815 —_ 
Z 24 33 1.890 20 
19 0 8 1.915 | ~~ 
19 «5 0 1.913 0 
19 8 0 1.850 10 
19 iz 0 1.843 — 
19 19 0 1.853 15 
19 24 | 32 1.845 | — 
19 28 | 32 1.940 | 15 
{19 30 | 32 1.930 | — 
19 35 32 1.927 | — 
19 40 | 32 1.990 | 15 
{ 19 43 | 32 1.988 — 
19 45 | 32 1.988 — 
19 50 | 32 2.033 | 10 
19 56 32 2.033 — 











In this work the precision of measurements was of the order of 1 per 
cent. This uncertainty was due largely to the change in the temperature 
of the room and of the chamber containing the filament. Careful meas- 
urements of the resistance of a similar filament at room temperature 
and at 1,590° K. indicate an average temperature coefficient of — 0.00027 
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per degree. The room temperature changes together with the slight 
heating of the tank can account for 50° variation as a maximum in the 
low temperatures at which resistance measurements were made. This 
would account for a change of 1.3 per cent. in resistance. It is probable 
that the variation was never as great as this, however. 

The experiments already described were carried out under conditions 
which resulted in a rapid disintegration of the filament. Equilibrium 
conditions were not obtained in any instance. In order to further verify 
the apparent effects and to determine roughly some further character- 
istics, six regular lamp filaments of untreated carbon were mounted in 
lamp bulbs, exhausted, burned in vacuo for some time until the initial 
well-known resistance variations had been eliminated, and then carried 
through a set of measurements similar to those already described. There 
were these differences, however. The incandescent temperatures ob- 
tained were considerably lower in this set, and the filaments were operated 
in vacuo or in hydrogen until equilibrium states had been approximately 
reached. Of the six lamps only two survived a complete cycle. The 
cold resistance for one of these as a function of the time the filament 
had been heated to incandescence is shown in Fig. 4. The results for the 





Fig. 4. 
Cold resistance changes of a regular untreated carbon lamp filament following successive 
heatings to incandescence in vacuo (00) and in hydrogen (xx). The filament had been pre- 
viously aged and therefore had reached a steady state previous to these observations. 


other lamp surviving the cycle as well as the results as far as they were 
obtained on the other four lamps fit in with this plat. In nearly all cases 
there were a few erratic measurements such as the one corresponding to 
a time of heating of 128 minutes in Fig. 4. No explanation other than 
accidental errors is offered for these. Also no significance is to be 
attached to the apparent discontinuities at the points of change from 
hydrogen to vacuum and vice versa, since at these points the lamps were 
rebased and small accidental changes in resistance may have occurred. 
Regardless of these, the gradual asymptotic changes from one equilibrium 
state to another suggestive of an exponential law, seem definitely demon- 
strated. 
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It is to be noted (1) that the filament apparently maintains its resis- 
tance unchanged in vacuum or in hydrogen up to pressures of 33 atmo- 
spheres for an indefinite length of time provided that it is not heated 
appreciably above room temperatures; (2) that a new filament decreases 
considerably in resistance (approximately 35 per cent.) due to a short 
heating in a vacuum; (3) that after every heating in the hydrogen the 
resistivity of the carbon increases asymptotically with time; and (4) 
that after every heating in the vacuum the resistivity of the carbon 
filament (already previously heated in hydrogen) decreases asymp- 
totically with time and quantitatively by about the amount of the 
preceding increase, in case the filaments are not seriously disintegrated 
by the process. 


THE EFFECT OF HYDROGEN ON THE RESISTIVITY OF CARBON AT 
INCANDESCENT TEMPERATURES. 


Description of Apparatus.—In order to determine the resistance varia- 
tions at incandescent temperatures the above method, modified some- 
what, was made use of. For this test filaments similar to those already 
described were mounted in large glass lamp-bulbs. In order to eliminate 
any errors due to the cooled portions of a filament near the lead-in 
wires and of the changes in resistance of these lead-in wires, potential 
leads of tungsten were inserted, which were attached to the filament at 
points sufficiently remote from the pasted junctions to insure measure- 
ments on a fairly uniformly heated portion. In order to insure that the 
temperature of the incandescent filament was the same when heated in 
vacuum and in hydrogen to within a negligible error, the lamp containing 
the filament and a standard lamp were mounted at the opposite ends of a 
photometer bench, and a nearly constant temperature throughout the 
experiment was maintained by keeping the luminous intensity of the 
filament constant. The uncertainty in this temperature was not greater 
than 10°, which corresponds to a variation in resistance less than 0.3 
per cent., an effect which is negligible. 

Measurements.—The lamp was first evacuated by means of a molecular 
pump and brought to the desired temperature, a brightness temperature! 
of 1,590° K., as directly determined by Dr. Forsythe. By means of a 
potentiometer the resistance of the lamp as a whole and also of that 
portion of the filament between the potential terminals were then 
measured. After a fairly steady state was reached, as indicated by suc- 
cessive readings, the filament was allowed to cool to room temperature 
and the resistances were measured again. Then with hydrogen intro- 

1 Hyde, Cady and Forsythe, Puys. REv., II., 4, p. 396, 1917. 
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duced, resistance measurements at the previous high temperature were 
made; then again at room temperature, and again on heating up to the 
previous high temperature in vacuum, and finally at room temperature 
as before. The exact values of current, potential, resistance and time 
occurring in a special case are indicated in Table III. The resistance’ 
variations are shown graphically in Fig. 5. 


TABLE III. 


Resistance of a Carbon Filament at Incandescent and Room Temperatures when in Hydrogen at 
I Atmosphere and in a Vacuum. 





Lamp as a Whole. 


Portion Between Potential Leads. 



































PK | ‘aa le Volts. | (=<! ¢ Volts.) 2 =e" l'| t. 
Heating in the vacuum 
Sc iduiinncanenanenes 11.170 | 17.961 peo 2.125 | 10 hours 20 minutes 
11.189 | 17.981 | 1.607 | 23.780 | 2.125, 10 “ 30 “ 
Heating current turned off 110 “ 31 = 
te vena es ae See 3.050;11 “ s3 “ 
| 3.05012 “ 43 “ 
Hydrogen passed intothe lamp (12 ‘“ 55 “i 
Pt. cseeincnenawenedes 13.486 | 21.967 | 1.629 | 29.234/ 2.168, 1 “ 20 * 
13.459 | 21.995 | 1.634 | 29.303 2.178 1 “ 31 ” 
13.412 | 22.020 | 1.642 | 29.351 2.188; 1 “ 40 “ 
13.388 22.022 | 1.645 29.363| 2.193) 1 “ 55 ” 
13.354 22.002 | 1.647 | 29.353: 2.198; 2 ‘“ 5 " 
Heating current turned off - 6 . 
Pe hcndiakukuneneniets fccaetbee pets Deciats CR asiaisitcs 13.250, 3 “ 20 “ 
The lamp was evacuated ic Mie 
ER ae ee ee 11.374 | 18.494 | 1.626 | 24.608 | 2.1644; 3 “ 40 * 
11.305 | 18.353 | 1.623 | 24.429 ais ~~ & = 
11.268 | 18.237 | 1.618 | 24.263 | 2.153, 4 “ 00 “ 
13.271 | 18.179 | 1.613 | 24.196| 2.147; 4 “ 12 " 
11.308 | 18.104 | 1.601 | 24.097 | ase lUmrhCO™ 
11.410 | 18.092 | 1.586 | 24.110'2.112; 4 “ 37 " 
11.384 | 17.949 | 1.576 | 23.931|2.102 4 ‘“ 47 gi 
11.372 | 17.861 | 1.571 | 23.810|2.094 4 “ 56 “ 
Heating current turned off $$" @ * 
een: are Cs SEY IN TIniNt | 3.090, 8 “ 39 “ 
(next day) 


In general the table and plat show a progressive increase in resistance 
of the filament when heated in hydrogen at a brightness temperature of 
1,590° K., which amounted to about 3.5 per cent. at this temperature 
and a similar change of approximately 6.5 per cent. in the value at room 
temperature. The effect is reversible. There are superposed upon these 
changes some secondary effects, such as the sublimation of the filament, 
the allotropic transformation of the carbon, etc. These secondary effects, 
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however, do not mask the principal effects of increasing the resistance by 
heating the filament in hydrogen and of decreasing by heating in vacuum. 


Fig. 5. 


Resistance of a carbon filament lamp 
under various conditions in hydrogen 
(cross hatched) and in vacuo (not cross- 
hatched), as a function of time that the 
filament is incandescent (a brightness 
temperature of 1,590° K.). 

A. Resistance of lamp as a whole at 
incandescence. 

B. Resistance of filament between po- 
tential lead’ while at incandescence. 

C. Resistance of filament as a whole 
at room temperature following successive 
changes from hydrogen to vacuum, etc. 


given temperature and pressure. 





Repeated measurements on various 
filaments showed same general results. 
Tests made on a lamp which was 
evacuated and sealed off after the 
filament was heated in hydrogen 
showed evidence of the evolution of 
gas from the filament which was de- 
tected by means of the ordinary high 
frequency discharge method. 


POssIBLE EXPLANATION OF 
PHENOMENA. 


The changes in resistance, together 
with the giving up of gas on the 
heating in vacuum show that absorp- 
tion of hydrogen by the carbon fila- 
ment takes place. The ordinary ab- 
sorption of gas by porous substances 
in which there is a purely mechanical 
entrance of the molecules of gas into 
the pores cannot explain the observed 
phenomenon. Gas thus mechanically 
absorbed disappears when the absorb- 
ing substances is placed in a vacuum 
or when heated to moderate tempera- 
tures such as 300° C. According to 
the measurements here recorded it is 
evident that only a portion, if any, of 
the gas is held thus mechanically. It 
may be reasonably supposed that at 
the high temperature the gas enters 
the carbon and that a solid solution of 
carbon with hydrogen or of carbon 
with some hydro-carbon is formed. 
This solid solution will be stable at the 
This means that at the high tempera- 


ture the molecules possess velocities which under a given pressure are 
consistent with maintaining a solution of some specified concentration. 
When the temperature is suddenly greatly decreased the same solution 
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may well still exist. When the filament is heated to the same high tem- 
perature under a pressure somewhat lower, a less concentrated solution 
might be expected. This is consistent with what was found in going 
from a pressure of 33 atmospheres to a pressure of 3 atmospheres. When 
still at the same high temperature the pressure is decreased to low values 
such as are obtained with vacuum pumps, the concentration which 
may be expected to be stable will be naturally considerably further 
reduced, as was found to be the case. It may well be noted in this 
connection that observations with metals show that the formation of a 
solid solution by the introduction of a small amount of some other 
substance, increases considerably the electrical resistivity of the metal. 
It is possible that some similar phenomena occur here. 


SUMMARY. 


The effect of hydrogen on the electrical resistivity of carbon has been 
studied at different temperatures and pressure. It has been found 

(1) That hydrogen apparently produces no effect on the resistivity 
at ordinary temperatures for pressures up to 33 atmospheres; 

(2) That the resistance of carbon increases considerably when the 
filament is heated to a high temperature (1,590° K. brightness tempera- 
ture) in hydrogen; 

(3) That the resistance at room temperatures following such a heating 
in hydrogen shows a similar and more marked increase; 

(4) That subsequent heating of the filament in vacuum to the same 
temperature produces the opposite effects; 

(5) That the effect is greater for the higher pressures thai for the 
lower pressures; and 

(6) That these changes are suggestive of an exponential law (see 
Fig. 4, in which case only has a sufficient number of measurements bee 1 
recorded to show the character of the changes) and are about equal in 
magnitude in cases where the filaments are not injured appreciably by 
the processes involved. 

The thanks of the author are due to Dr. Hyde and Mr. Cady for all 
their courtesies during his stay at the laboratory, and to Dr. Worthing 
for his many valuable discussions and for final corrections as to English. 
The author is particularly obliged to Mr. George Hathaway for complet- 
ing certain measurements which his departure from the laboratory before 
the completion of the work necessitated. 


NELA RESEARCH LABORATORY, 
NATIONAL LAMP WoRKS OF GENERAL ELECTRIC Co., 
NELA PARK, CLEVELAND, O. 
November, 1917. 
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THE VARIATION IN THE BLACKENING OF A _ PHOTO- 
GRAPHIC PLATE WITH TIME OF EXPOSURE, TOTAL 
ENERGY REMAINING CONSTANT.! 


By P. S. HELMICK. 


,OR many years following the discovery of photo-chemical action, 
it was believed that if the product of the intensity of light producing 
the exposure and the time of exposure were constant, the resulting photo- 
chemical effect would be constant. R. Bunsen and H. Roscoe? expressed 
this idea as early as 1862. Subsequently Abney,* Miethe,‘ Eder,’ 
Michalke and Schiener, Schwarzschild,* Lemon,’ Kron,® and others 
showed variations from this so-called ‘‘ Reciprocity Law,” but directed 
their attention to the determination of relations between intensity and 
time which would give constant blackening, rather than finding the 
variation in the blackening with time, with total energy remaining 
constant. Abney® and Kron” seem to have made the only progress in 
this last-named problem. Both claim that when blackening is plotted 
against time of exposure, with total energy remaining constant, that the 
resulting curve will show a maximum; but neither investigator directly 
obtains this curve. 

It has been the purpose of the writer to investigate Abney’s and Kron’s 
conclusion, and actually obtain the curve showing the maximum, if it 
existed. By exposing the plate to different rates of flow of constant light 
energies, it was believed that some additional knowledge of the physical 
mechanism in a light-sensitive plate might be gained. 

1A paper read before the American Physical Society, December, 1916. 

2 Ann. der Phys., 117, 538; 1862. 

3 **Chemical Action and Exposure,” Phot. Journ., Oct., 1893; ‘‘ The Failure of a Photo- 
graphic Law with Intense Light,’’ J. C. C., 8, 46. 

4Inaug. Diss. Gottingen., 1899. 

5’ Handbuch, Band 2, Jahrbuch, 1899, 457. 

6 Phot. Corr., 1899, 171; Beitrage zur Phot. Photem. d. Gestirne; Astrophys. Journ., 11, 
89, 1900. 

7 Astrophys. Journ., 39, 204, I914. 

8 Ann. der Phys., 41, 755, 1913. 


® Treatise on Photography, 395, 1901. 
10 Loc. cit. 
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APPARATUS AND METHOD. 


The plates used were coated on special plate glass, and the variations 
of density due to unevenness of coating were of the order of 1 per cent. 
The following emulsions were used: Seed 23; Seed 27 G. E.; and Seed 
Graflex. The sensitiveness of these plates in the camera was roughly 
I, 3, and 9. 

Two sources of light were used: the integral light from a 4 volt carbon 
lamp, and green light of wave-length 545 uz transmitted through a 
Hilger monochromatic illuminator from a 32 C.P. coil filament tungsten 
lamp. The plates were exposed in a light-tight box 350 cm. long. The 
intensity of the light was varied by altering the distance between the 
plate and the light, and the value of the intensity for any distance was 
computed by the “inverse square law,’’ as modified by Hyde" for finite 
sources, 

Exposures greater than one second were made by a sliding shutter 
operated by hand, with the aid of a telephone receiver clicking seconds, 
Shorter exposures were made by a modification of an apparatus used by 
Wood.” Electric contacts attached to a large sector disk rotating at a 
constant predetermined speed operate an auxiliary sliding shutter, per- 
mitting the shutter to be opened just before the revolving sector disk 
reaches the point where it allows the plate to be exposed, and permanently 
closing the shutter immediately after the sector disk exposes the plate. 
The minimum exposure, uniform to 91 per cent.,!* which this particular 
apparatus could give with a sector speed of 10 r.p.s. was 1/37,600 second. 

Plates were developed for constant time and practically constant 
temperature in a developer compounded after Brush’s formula.’ Densi- 
ties were measured in a modification of Lemon’s spectrophotometer™ in 
which the prism is replaced by two mirrors inclined to one another so 
as to reflect two beams of light into the observing telescope. One beam 
of light, reduced in intensity by the interposed plate whose density it 
was desired to measure, was matched with another beam whose intensity 
was regulated by the rotation of a nicol prism. The density of the plate 
in terms of the angle of rotation of the nicol is given by the expression 
Logis Sec? 6.18 ; 

1 Bull. Bur. Stands., 3, 81, 1907. 

12 Phil. Mag., 6, 577, 1903. 

13 Traite Encyc. de Phot., 1, 436. 

44 Puoys. REV., 31, 243, 1910. 

15 Loc. cit. 

16 A table of Logio Sec? 6, with differences to 0°.o1 has been prepared by the writer, and 


may be obtained on request from the librarian of the State University of Iowa, Iowa City, 
Iowa. 
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RESULTS. 

The three different brands of plates were exposed to the integral, or 

“white” light of the carbon filament lamp, and to the monochromatic 

green light of wave-length 545 uu, and plotting density and time, a definite 
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Fig. 1. 


maximum density as time varied but with intensity times time constant, 
was obtained in each case. A few of the curves obtained are shown in 
the two figures, and are characteristic of all the curves obtained. The 
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Fig. 2. 


curves show that the blackening of a plate is dependent upon the rate 
of flow of energy, with total energy constant; and that for each brand 
of plate and quantity of total energy there is a maximum blackening 
given by a certain rate of flow of energy. 
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The relative heights of the curves in Fig. 1 are not important, for no 
fog strip was taken, and the temperature varied a trifle, but the relation 
between the time of exposure to produce maximum blackening and the 
speed of the plate seems significant, for with the same value of total 
energy upon each plate, the positions of the maxima vary as the speeds 
of the plates. By using this rule, the writer was able to shift the maxima 
of the curves at will. 

SUMMARY. 

1. An accurate electric shutter has been designed for photographic 
exposures. 

2. A simple density-determining apparatus has been described. 

3. Plates of three different speeds have been exposed to white and to 
green light. The rate of flow of energy was varied, but the total energy 
the plate received was kept constant. In every case there was a maxi- 
mum blackening, and the time of exposure to produce maximum blacken- 
ing varied as the speed of the plate. 

In conclusion, it is a pleasure to acknowledge the encouragement re- 
ceived from the staff of the department of physics of the State University, 
and particularly from Professor H. L. Dodge. 


PHYSICAL LABORATORY, 
THE STATE UNIVERSITY OF IOWA. 
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IS A MOVING MASS RETARDED BY THE REACTION OF ITS 
OWN RADIATION? 


By LEIGH PAGE. 


INCE the promulgation of the principle of relativity by Einstein in 
1905, a number of alleged inconsistencies with the classical theory 
of electrodynamics have been pointed out. That these apparent incon- 
sistencies must be due to failure to analyze correctly the problem under 
consideration, and that the electrodynamic equations can in no way 
come into contradiction with the principle of relativity—reference here is 
to the relativity of constant velocity systems, not to the broader concep- 
tion of general relativity recently developed by Einstein—might have 
been surmised from the very first, for Lorentz! had already shown that 
the electrodynamics of moving systems could be reduced to that of 
fixed systems by a group of transformations substantially the same as 
those deduced by Einstein from the principle of relativity. Moreover, 
looking at the question from the other side, the author? of this paper 
has shown that the electrodynamic equations may be obtained in their 
entirety and exactly, from nothing more than the kinematical trans- 
formations of relativity and the assumption that each and every element 
of charge is a center of uniformly diverging tubes of strain. Hence, 
although the electrodynamic equations may not cover as broad a ground 
as the principle of relativity, they can contain nothing that is in contra- 
diction with this principle. 

One of the most important supposed inconsistencies of the principle 
of relativity with classical electrodynamics has been connected with the 
phenomenon of anomalous dispersion. Here we have an index of refrac- 
tion less than unity, leading, apparently, to the conclusion that the 
velocity of light in the dispersing medium is greater than the velocity of 
light in vacuo. Since the essence of the kinematics of relativity lies in 
the fact that the velocity of light in vacuo shall be an absolute maximum, 
it seemed at first sight that here we had an experimental disproof of the 
conception of relativity. Not until the masterly papers of Sommerfeld 
and Brillouin* were published in 1914 was the matter finally cleared up. 


1 Theory of Electrons, p. 197. 
2 “Relativity and the Ether,’’ Am. Jour. of Sci. 38, p. 169, 1914. 
3 Ann. d. Physik, 44, p. 177, 1914. 
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These authors showed that the velocity with which the index of refrac- 
tion is concerned is a “phase” velocity, and not a “signal” velocity. 
By a very ingenious mathematical method they were able to investigate 
the propagation of a wave train of limited length through a material 
medium, whether in the region of anomalous dispersion or not, and to 
show that the velocity of the front of the disturbance, 7. e., the “fore- 
runners,’ would be always exactly the same as the velocity of light in 
vacuo—never greater, never less. 

Another criticism of the principle of relativity of. the same nature 
as the above, although not concerned with electrodynamics, is based on 
the alleged possibility of transmitting a signal with a velocity greater 
than the velocity of light by means of a gravitational disturbance. More 
than one author refers to the “immense . . . speed of propagation of 
gravitation,’’! although it has repeatedly been pointed out that none 
of the facts revealed by astronomical investigation requires for its 
explanation a velocity of propagation for gravitation greater than the 
velocity of light.? 

The object of the present paper is to clear up what is, so far as the 
author is aware, the only supposed inconsistency of the principle of 
relativity with classical electrodynamics which remains a subject of 
serious consideration on the part of contemporaneous physicists. This 
is the radiation reaction experienced by a moving mass on account of 
its own emission of radiant energy. The problem is treated in some 
detail by Professor Sir Joseph Larmor in the Proceedings of the Fifth 
International Congress of Mathematicians? held at Cambridge in 1912, 
and in a recent number of Nature* he emphasizes the contradiction to 
the principle of relativity involved in his solution of this problem. 

Consider a radiating mass, such as a star, which is moving in a straight 
line with velocity V. The reaction of its radiation is found by Larmor 
to constitute a resistance to the velocity equal to 


I 
F = — RV, (1) 


where c is the velocity of light in vacuo, and R the total energy emitted 
per unit time. 

Now consider an observer A at rest, and a star at rest. The star will 
remain at rest indefinitely in so far as the reaction of its own radiation 
is concerned. However the case is quite different if we consider an 

1 Proc. of Fifth International Congress of Math., I., p. 207, 1912. 

20. Heaviside, Electromagnetic Theory, I., Appendix B; H. A. Lorentz, Amsterdam 


Proceedings, 2, p. 573, 1900. 
3’ Nature, 99, p. 404, 1917. 
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observer B who is moving in the Z direction with a constant velocity V. 
A star initially at rest relative to him will gradually acquire a velocity 
(relative to observer B, of course) in the — Z direction on account of 
the reaction of its own radiation. This velocity will increase asymp- 
totically until it reaches the final constant value V. Hence the systems 
of observers A and B cannot be equivalent, and the principle of relativity 
comes into contradiction with classical electrodynamics when applied 
to this particular problem. 

Such would be the only possible conclusion if the deduction of equation 
(1) from the electrodynamic equations were correct. In order to point 
out the tacit assumption which invalidates Larmor’s derivation of (1), 
we shall reproduce in somewhat more rigorous form what is substantially 
the analytical reasoning pursued by him. Then we shall investigate 
the problem quite rigorously by a somewhat different method, and show 
that the electrodynamic equations do not lead to a radiation reaction 
which depends upon the velocity, but to a reaction which is exactly in 
accord with the principle of relativity. Incidentally we shall develop 
the complete dynamical equation of an electron to the fifth order. 

If we use the units of electric charge and magnetic pole advocated by 
Heaviside and Lorentz—a unit 1/47 smaller than the electrostatic or 
electromagnetic units respectively—classical electrodynamic theory is 
contained in the five vector equations! 


V-E= Py (2) 
VXE=--H, (3) 
V-H =0, (4) 
VX H=- E +py), (5) 
F=[B+ivxal, (6) 


where equations (2) to (5) inclusive describe the effect of the distribution 
of matter upon ether, and (6) gives the effect of ether on matter. From 
(3), (5), and (6) we obtain at once the familiar energy equation for the 
region inside the closed surface 2, namely 


“lt [(E? + H)dr] +¢f(EXH)-do+SF-vdr=0, (7) 


where dr is an element of volume and do a vector element of surface 


1 Gibbs’s vector notation is used. 
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having the direction of the outward drawn normal, the volume integrals 
being taken throughout the volume enclosed by the surface 2 and the 
surface integral over this surface. The first term represents the rate 
of increase of electromagnetic energy, the second the rate of escape of 
energy through the enclosing surface, and the third the rate at which 
work is done by the field on the matter contained in this region. 

Now we are interested in the reaction of the ether on the material 
oscillators which constitute the radiating body under consideration. To 
find this reaction we may proceed by either of two equivalent methods, 
which we shall designate as methods A and B. 


METHOD A. 
We may eliminate p and pv from (6) by means of the field equations 
(2) to (5). This yields for the resultant force on the matter within the 
closed surface = the familiar expression 


d 
K = {Fdr = f (EE + HH)-do — 3 /(E? + H)do — “jf (EX Hr, 


where the surface integrals are taken over the surface = and the volume 
integral throughout the region enclosed by this surface. 
Let us write 


K, = / (EE + HH)-do — 3} { (E* + H*)do, (8) 
Id 


Then K, is the stress which Maxwell considered to be exerted by the 
ether without the surface = on the ether within this surface, and Ky, 
has been interpreted as the rate of decrease of electromagnetic momentum 
within the enclosing envelope, 


I 
: (EX H) 


being the momentum of the ether per unit volume. 

If, now, we imagine a closed surface to surround the matter on which 
we wish to find the force K, our problem reduces to the evaluation of the 
integral expressions for K,; and Ky. To determine the values of the 
integrands, however, it is necessary to know the distribution of p and pv 
in space and time, so as to solve the field equations (2) to (5) for E and H. 


METHOD B. 


We may solve (2) to (5) for E and H in terms of p and pv, substitute in 


(6), and evaluate the integral 
K = /{Fdr, (10) 
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where the volume integral need be taken only over those regions where 
p is not zero, 1. e., over the matter on which we wish to find the force K. 

The second method is somewhat the more direct, and has the great 
advantage that in most cases the integration covers a very small region, 
so that if it is necessary to expand E and H in terms of the distance 
between the elements of charge considered, there is no difficulty in 
developing convergent series. Nevertheless in certain problems, par- 


ticularly those in which 
J (E X H)dr 


does not change as time goes on, the first method is very convenient 
and less laborious than the second. Obviously the two methods are 
equivalent, and must lead to exactly the same result. 

Whichever method is used, it is necessary to solve the field equations 
(2) to (5) for Eand H. Lorentz’s! solution is as follows: 


E=-vs--A, 


H=VXA, 
where 
_1 [lel 
9? =i f , dr, 
= : fear, 
4c r 


the quantities in brackets being retarded, 7. e., values of p and pv respec- 
tively at a time r/c earlier. 
For a point charge these reduce to the familiar Lienard? potentials 


Differentiating these retarded potentials, we obtain the usual expres- 
sions for E and H due to a point charge’ at a time r/c later, 


et — 6) (: -£v) {#x(*-ty) 
c 





xr 
E = a” + —— (11) 


: Sion — 
v cli — # 
4rr® ( I- =) ( ) 
Cc 
1 Theory of Electrons, p. 17 et seq. 


2 Eclairage Electrique, 16, p. 5, 1898. 
3M. Abraham, Theorie der Electrizitat, 2, p. 97. 
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: ve({t<(e=f9)} 2) 








_ ei — 6) ) 1 Ee 
H = ( 2) “2 xXv+ 1 — B) (12) 
4mr\ I — 
where 8 = v/c and f is the acceleration. 
From these it appears that 
I 
H = - (r X E). (13) 


Consider now a radiating body, such as a star, which is moving with a 
velocity V relative to the reference frame to which we apply the electro- 
dynamic equations. The total force due to the emitted radiation will 
consist of two parts, (a) the reaction on each oscillator of the radiation 
which it, itself, emits, (b) the force exerted on each oscillator by the radia- 
tion proceeding from the neighboring oscillators. NNow to compute the 
reaction on the aggregate of material oscillators by the rigorous method 
we are going to pursue would be exceedingly involved. Fortunately 
we can simplify the problem to the extent of dealing with a single oscil- 
lator, 7. e., a single vibrating electron, and yet obtain a result that will 
be a perfectly general test of Larmor’s expression for the radiation 
retardation. For this expression gives the retarding force as a function 
of the rate of total radiation and the velocity of the radiating body, and 
of these quantities alone. Hence if the ether exerts a reaction on a 
group of moving oscillators, it will exert a similar reaction on a single 
oscillator; and conversely, if*there is no reaction on a single vibrating 
electron due to its drift velocity, there can be none on a group of such 
vibrators. 

REACTION OF THE RADIATION. 
METHOD A. 

To find the reaction of the radiation, Larmor uses method A. The 
following reasoning is somewhat more rigorous than his, but is substan- 
tially the same and leads to the same result, provided the same approxi- 
mations are made. 

Draw a fixed sphere of radius r (Fig. 1) with center at the point occupied 
by the vibrating electron at a time r/c earlier. Take the X axis in the 
direction of the velocity which the electron had at this earlier time. 
Let r be very great compared to the linear dimensions of the electron. 
Then terms involving r~* will be negligible compared to those in r~, 
and E and H at the surface of this sphere will be at right angles to the 
radius vector. Hence 

K, = —3/(£? + H*)do 
= — fude, 
where u is the energy density of the radiation. 
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Hence, in the X direction 








Ki, = — fucos 6 de. 
Now consider the part K,’ of K, due to the fact that the electron’s 
Y 
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Fig. 1. 


field is moving with it. Since the flow of energy at the surface of the 
sphere is along the radius vector 


|IEX H| =u 


and, as is obvious from the figure, 


s| se x Hi | = — {uv cos? 6 da 
or 
K2,’ = f uB cos? 6 do, 

hence 

K,’ = — fu(1 — B cos @) cos @ sin 6 dé d@ (14) 
is the force due to the stresses over the surface of the sphere plus that 
due to the rate of decrease of electromagnetic momentum occasioned by 
the translation of its field with the electron. That part of Ky due to the 
rate of decrease of electromagnetic momentum inside a sphere of radius 
r moving’with the electron is zero when averaged over a whole number 
of periods, provided the electron’s field at the end of this time is the same 
as it was initially. 

From (13) 


ExH="{er—Exe}. 
= » Rr. 
T 














we A MOVING MASS. 383 


Hence, from (11), (14) becomes 
cos @ sin Odbdg P ff. cos 8 sin 6dédd 
(1 — Bcos 6)? (1 — B cos 6)4 
f cos 6 sin 6déd¢ 
-~@-#) (1 — B cos 6)5 ’ 
where, without loss of generality, we can assume f to lie in the XY 
plane, so that 


fo = f cos Y, 
f, = f(cos y cos @ + sin y sin @ sin ¢). 


e2 


n= - tale 





167°c4 


Performing the integration over the surface of the sphere 














ows e*pf? ; 
Similarly 
K'= #F. [= 6 sin ¢d6éd¢ ff sin? @ sin ¢déd@ 
4 16m¢4 (1 — B cos 6) + (1 — 6 cos 6)4 
f? sin? @ sin ¢déd¢ 
~U- (1 — B cos 6)5 . 
which gives on integration 
K,’ = 0. 
From symmetry 
ty = O. 
Hence, to the first degree of approximation 
ae: 
K'= * én” (15) 


Now, to the same degree of approximation, the rate of radiation from 
the electron is given by 


Hence 


Consider now an electron which is vibrating and at the same time 
moving in the / direction with a drift velocity V. At any instant 


I 
K/ = = ca Ru. 
For a whole number of periods, the impulse is 


I _— 
{Kidt = —- ak S vidt, 
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where R is the mean rate of radiation. But 


J vdt = Vt. 
Hence, on the average 


This is the expression found by Larmor for the resistance due to the 
reaction of the radiation. But are we justified in neglecting the part of 
K»; which depends upon the decrease in the integral 


J (E X H)idr 


taken over the region enclosed by a sphere of radius r moving with the 

electron? The average impulse due to this part of the total force during 

a time ¢ is , 
JS Ki’dt = - A [se x H) dr | - | se x Har | | . 

Now the integrals within the brackets are equal, and hence annul each 
other, if, and only if, the field within the moving sphere of radius r is the 
same at the end of the whole number of periods over which we are averaging 
as it was at the beginning, that is to say, if the periodic motion of the electron 
is undamped. But the energy of a radiating electron is continually 
decreasing, and consequently its motion cannot be truly periodic unless 
energy is supplied to it from some outside source. But if energy is to be 
supplied it must be shown that no impulse on the electronic vibrator 
accompanies the transfer. The author has not succeeded in devising a 
method by which a transfer of electromagnetic energy might be effected 
in such a way that the impulse imparted could be easily calculated. 
Energy from non-electromagnetic sources—such, for example, as the 
energy imparted to the radiating electrons on the sun’s surface from its 
gravitational potential energy as the whole mass shrinks—must be 
excluded from consideration on account of insufficient knowledge of the 
laws governing the intricate phenomena concerned. In fact, our problem 
is essentially one in electrodynamics, and the connection between gravita- 
tion and electrodynamics is unknown. Consequently in our further 
treatment of the problem we shall assume that the electron is left to itself 
and that its radiation is at the expense of the energy of its vibration. 

Moreover, from the standpoint of the electron theory, Lorentz! has 
shown that the dynamical equation of an electron contains a damping 
force which depends upon the rate of change of acceleration, and which is 
independent of any assumptions as to the distribution of the charge. 


1 Theory of Electrons, p. 49. 
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In fact it is easily shown that the energy radiated is accounted for by 
the work done against this resisting force. From this point of view as 
well, then, an undamped periodic vibration is impossible unless energy is 
supplied from some outside source. 

It may be urged that by making the mass of the electronic vibrator 
sufficiently large, the diminution in energy due to its radiation and 
consequently the value of the part of K, which we have neglected may 
be made as small as desired. But it must be remembered that increase 
in mass involves decrease in the radius of the electron, and hence the 
volume integral whose decrease we have neglected has to be extended to 
regions where E and H are very large, and where any proportionately 
small change in these quantities will account for a relatively large change 
in the integral. 

Although we are not going to complete the solution of our problem by 
the method we are here pursuing—for the analytical difficulties in 
evaluating 

J(E X H)dr 
are far more formidable than those encountered in the equivalent method 
B—it may not be superfluous to show the existence of a force which 
exactly compensates the resistance found by Larmor. [We are dealing 





here with a single vibrating electron which is receiving no energy from 
outside sources.] Equation (14) gives K’ for the time o in terms of f 
and v at a time — (r/c), where r is the radius of the sphere over whose 
surface the integration is to be performed, r being very large compared 
to the linear dimensions of the electron. Let P; (Fig. 2) be the position 
of the electron at the time — (r/c), P2 the position at the time — (r/c)+dz, 
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P; that at the time — (r/c) + 2dt, etc. Let the outer full-line circle be 
the trace of a sphere of radius r with center P;, and the outer dotted 
circle that of a sphere of the same radius but center P2. Let the next 
full-line circle have center P; and radius r — cdt, and the innermost 
center P; and radius r — 2cdt, the dotted circles having respectively the 
same radii but centers at P; and P;. For the time o then, E and H 
over the outer full-line sphere will depend upon the velocity and accelera- 
tion which the electron had when at P;, while for the second full-line 
sphere the velocity and acceleration of the electron when at P» are the 
ones that must be taken into consideration. At a time dt later, the full- 
line spheres must be replaced by the dotted spheres, and the effective 
positions P2, P;, and P, made use of instead of P;, Ps, and P;. Now as 
the regions between these spheres are far from the electron, the parts of 
E and H having r~’ as a factor are negligible compared to those involving 
only the inverse first power. Hence the flow of energy is along the radius 
vector, and the value of 
JS (E X H).dr 

for the region between the first and second dotted spheres at the time 
dt will be the same as the value of this integral for the region between 
the second and third full line spheres at the time 0, and so on. Hence 
at least part of the decrease in the total integral will be the value of the 
integral for the region between the two outer full-line spheres. Since 
the distance between these spheres is 


cdt(1 — B cos @) 
we find for this part of Ke, 
K2/"” = fu(i — B cos 8) cos 6 sin 6déd¢ 


which exactly annuls the expression (14) previously obtained. This is as 
would be expected, since it is not to be supposed that the reaction on the 
electron would depend upon the velocity and acceleration which it had 
at a time r/c previous, where r may be made indefinitely great, but at 
most upon the state of motion at a time a/c earlier, where a is its greatest 
linear dimension. The portion of the integral which is conditioned by 
the state of motion at this comparatively more recent time is that in the 
vicinity of the electron. On account of the difficulty of developing a 
convergent series for E and H we will not evaluate this integral directly, 
but resort to the equivalent method B.1 


1 On the dynamical theory of the ether as developed in particular by the English school of 
physicists, the force exerted by radiant energy on matter is conceived to be due to a transfer 
of momentum from the ether to the body affected. Let us consider the problem under dis- 
cussion from this point of view. The ether inside the large sphere of radius r (this sphere 
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METHOD B. 

This method consists in obtaining E and H from the equations of the 
electrodynamic field, substituting in the expression for the force exerted, 
and integrating over the region occupied by the electron. In order to 
carry out the solution we are obliged to make certain assumptions 
regarding the shape and distribution of charge of the electron. However, 
we are at liberty to make any such assumptions we choose, for the 
expression found by Larmor for the radiation reaction is independent 
of the shape or distribution of charge. As a matter of fact we shall 
see that terms of the form of Larmor’s expression are independent of any 
such assumptions. 

Larmor speaks of the radiation reaction found by him as a first order 
effect. As a term in the equation of motion of the electron it must be 
considered of the fifth order. For if A is the amplitude of the electron’s 
vibration, it is obvious that 


A 
is is of the order 6?, 


”A® 


242 
fe B is of the order f°, and 


where a is the radius of the electron. It is this last quantity which is 
involved in his result. Consequently we shall retain in our analysis 
all terms of the first five orders. Fortunately a great many complica- 
tions, such as variations in the distribution of charge on the electron 
due to its state of motion, do not enter until the sixth order is reached.'! 

Our first step is to expand the retarded expressions (11) and (12) for 
E and H due to a point charge in terms of the actual velocity and its 
derivatives. Suppose we have a charge e at a point whose codrdinates 
are x, y, and z at a time 0, and let v, f, f, etc., be its velocity, acceleration, 


must be large compared to the diameter of the electron if terms involving r~* are to be 
neglected as compared to those in r~! but may be very small compared to a millimeter) to- 
gether with the electron at its center is losing momentum to the ether outside, and since the 
momentum passing out in the direction of motion is greater than that passing out in the 
opposite direction, there is a force of exactly the amount found by Larmor. But the ether 
inside this sphere is also losing momentum in the direction of motion due to the damping of 
the vibration. Now, by the law of conservation of momentum, 

Momentum lost by electron = Momentum gained by ether outside sphere—Momentum 

lost by ether inside sphere. 
Method B will show that the terms on the right-hand side of this equation (the second of which 
is overlooked by Larmor) must be equal and hence annul each other. 
1 Relativity and the Ether, p. 185. 
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rate of change of acceleration, etc., at this instant. Now expressing (11) 
in scalar form, we have for the x component of the electric intensity at 
the origin at the time o 


€ Vel. \~* vf £,°f. Xe OMe 
B, = 25(1 +2) {(1-3- é )(-2-*) 


~f(14%)|, (6 








where the quantities with subscript e refer to the effective position of 
the charge, 7. ¢., its — at a time 7,/c earlier. Hence 


I” r 


at £70 ~ 27% Ptahe —- — fe— 


120°" 
—fett; * fa%t — 2h. “42 LF. ee, 
: . I“ rd 
f. =Ifs- fe~ “+: = fat —gfesg 


and similar expressions for the y and z components. Put 


x vs fer fer fr" ist 
: } 





mM, =~; ai '< Ye = e’ 5, = oo’ éz = “a? [: = 
Then 
eee{t—2Beme + (ym + 6) — 26m + 3¥-B) 
+ (em + 48-8 + 37) 4 — 2 O-m + 5e-B + 108-y) 5 -. |. 
Put 
km (1 — 6*)-+, 
on oe 
7 rk? 
a = B-mk, 
b = ym’, 


c = (6-m + 3y-B)#, 
d = (-m + 48-B + 37k, 
e = (€-m + 5€-B + 108-y)k°, 


where a is of the first order, b of the second, and soon. Then 


I I I 
. - ai 8 an = fet — drt — —er'... 
T I — 2a7r + br 3° + 2 eerese, (17) 











7) 
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J = gg ao —nhyt ee gyts se 
I+ - gal I ar+o+ 6°? 13 oe 40°" (18) 
im 


After some reduction we find that 


ve _ fete) (_%: _,)_ fate( . 4 Verte 
(«-%- C )(-=- =) — C («+ “) 


a 4s. S048 s+) 
{ me( 1 2ar +O +¢ er 1297 +2" 





a 
+0 


I 2 3 4 
rs 222 a al a a ee 
tate ( '+e+e+ oe + er ) 


I I 2 3 
= 3.3 [ _ ee an ee ie. 8 
raid ( 2+ar+o-+ cer —— © er ) 


_1 a( ~tgaa 2 s+) 
g exkir 3+2ar+0+0 ad +0" 


I I I 
+ Ltatit(— 44 gor to— Lot totter...) (19) 
J 


on 373 - 


Hence 


é 
= «= = —3 
E, = aar8 krI~*J. (20) 


Returning to (17) and solving for + by successive approximations, 
we find 


: I _ 
rT=I-a I— ja+o+ ga +0 
+50(1 - 20+ 3a?+0) + 30(1 ~<a) 
I I 
—¢e(1 — 3a + 4a’) - 
aff 
+34 (I — 4a) 


I 


é. 
I20 
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Substituting this value of 7 in (20), we obtain after a laborious reduction 


an eke 3 2 15 4 I 9 2 3 2 
E,= Am. (1 aT ts ae FE 
a . Je a? a» se ae 
+5 ac g? t+ i5¢ )+5 ne (: 5o +56 4° ) 
woe ( _3 +) 3 ( m. )-4 sf 
hie I 32 t 26 t gexk I ri 30° 2 . (21) 


We need H to the fourth order only, as it is multiplied by v/c in the 
force equation (6). It is obtained most easily from (13), the x component 
of which is 


H, —— =p. + 2, 
le Te 


which gives, after considerable reduction 


a 
4rr’ 


H. = — = ,{ (Gym, — pam)(x — 308 + 2b---) 


+ ak(yym. _— _:My) in pk? (dm, ‘ona 5.my) + 3k (eym, _ €,My) 
o 3k*(7,8: mee 72By) + 5k (5,8. an 5.B,) pe : (22) 


If now, we wish the electric and magnetic intensities at a point x, y, 
z due to a charge at the origin, we must change the signs of the codrdinates 
in (21) and (22), and have 


ek I I 
Ez = EY me(1 3a: + Part “se + Fay): +252 


47r 


I I I I 
tacit oa ~*~ )Fre(1 3a; -35, +30 .-) 


2 8 
+23e(1 +30, —2h--+) — Sek (1 + Sai--- ) 
+ Aras}, (3) 
° 30 Zz ’ 
ek 3 I 
H, = ad (Bym, iil B.m,) ( I 5a -35,---) 


— ayk(yym, — ym,) — Zk*(dym, — 5,my) + Zh*(eym, — €zmy) 


+ BErBs — 7B) — HE(B,Bs — 8:8,) + | | (24) 
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where 
a1 = B-mk, 


b, = y-mk’, 

c, = (6-m — 3y-B)k’, 

d, = (¢-m — 48-B — 3y°)k’, 
e; = (¢-m — 5e-B — 108-y)k*. 


Before we can find the reaction of its field on the electron from these 
expressions for E and H we must make some assumption as to the dis- 
tribution of charge on the electron, just as we should have had to do in 
method A, if we had attempted to evaluate 


J(E X H)dr 


in the vicinity of the electron. As already noted, the radiation reaction 
obtained by Larmor is independent of this distribution, and hence, if 
existent, must hold irrespective of the assumption we make here. 

We might assume the electron to be a rigid conducting sphere— 
Abraham’s electron. The determination of the dynamical equation for 
such an electron is comparatively simple, and the actual carrying through 
of the analysis shows the existence of no such resistance as that found 
by Larmor. However, such an electron is of little interest today, so we 
shall not burden our readers with the algebra involved. Instead we 
shall confine ourselves to the deformable electron first proposed by 
Lorentz, the formula for the mass of which has been abundantly verified 
experimentally by Bucherer,! Neumann,? and others. This electron, it 
will be remembered, contracts when moving, so that its dimensions in 
the direction of motion are diminished in the ratio of “1 — 62:1. 
Parenthetically it may be remarked that the Lorentz electron is the only 
one whose field outside the surface is exactly that of a point charge. 
* We shall take the distribution of charge to be such that the electron, 
when at rest, is a uniformly charged spherical shell. 

At first we shall restrict ourselves to motion in a straight line. Take 
the X axis as the direction of the velocity. Then since the electron 
contracts as its velocity increases, the velocity and its derivatives at a 
time 0 will be less for a point P than for a point O, if P is a distance x 
farther along the X axis than O. In fact we easily see that after a time 
dt has elapsed 


I of £#y:..). 


Ov 
= 4 > ae 
we (14+ 2a 4i ta +6 ax 


1 Phys. Zeitschr., 9, p. 755, 1908. 
2 Ann. d. Physik, 45, p. 529, 1914. 
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But 
xk_ = xk, 
where 


ve =v fit += fal += fat---. 


Equating coefficients of like powers of dt in these equivalent expressions 
for x;, we find 


~ —— eee, (25) 

a — wh wad, (26) 

af =— 3h65 - se kB f (27) 
and by carrying out the analysis to the second order of x, 

—_ aka (1 + 6) + eed. (28) 


Now let x’ be the X codrdinate of a point Q on the electron relative to 
O when the electron is at rest, and x this distance when it is in motion. 


Then 


x’ = fkds. 
But 
ce) I 0 
B= Bo + so? «++ oe tee, 
Substituting and integrating 
te) OBa 
x’ = kox +5 ke Bo Sn! a? +- 5 (10 Bo B8(1 +26) ( 3 B 2) )e -+*, (29) 


Equations (25) and (28) show that the coefficient of x* is of the sixth 
order and hence negligible. So we have 


I f 
x’ = kx - 











Hence 
x’ 
a +- = Bay Yz 
y=’, 
z=2', 
, n I - a,b; 
I — a, ‘ 
mR m,' 3 3 2 I R®a;"y- 
oo yn (1 + Far + gait — Farhi: a ” ’ 
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and we find from (23) for the electric intensity at a point x, y, z due to 
an element of charge de at the origin 


de 
az, = {me (1 -=h+2 3b +- = axe +5 5a, — es .) 
4ur 15 


I 
- 228 (1 — 2a — 3b, +4c.--) 


+26 (1 +30; — 2b--- ) 





_ 3, ips an Ve | 
geek (: +3% )+ five : (30) 
where 
, , 72 r? 4 
caf tell eeh th sche 
ms ~ Ta © ce’ 6, = “A » & = ct ’ S2 —_ } 


To obtain the force exerted on an element of charge de’ by the charge 
de at the origin, in so far as it is due to the electric intensity, we must 
multiply (30) by de’. Then integrating with respect to de’ we find the 
force exerted on the rest of the electron by de. Finally, integrating with 
respect to de we obtain the total force in the X direction due to the re- 
action on the electron of its own field. The magnetic intensity does not 
come into the problem in the case of linear motion which we are here 
discussing, since the force due to the magnetic field is always at right 
angles to the direction of motion. 

- Hence neglecting terms which must give rise on integration to equal 
and opposite pairs of forces, (30) reduces to 





d 1 f.7’ x” F di I 
ip = | Vl e(1+ 5-0 Ee...) +e +0 
T 
1 fr” w\ tie" ( _ 
i (s-S)+4 a R\ 4-2 (31) 





and the total reaction 


Ke ff dei | -i552 (45 ;) + 6%» +2 hy 


1 fz’ x” I far” x” 
-1ify(,- ;)+3 7s Rs iit seer, 


where we do not take into account the variation of f and f from point to 
point on the electron, since reference to (26) and (27) shows that the only 
term of less than sixth order vanishes upon integration. 
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SERIES. 
f - sm ae 9 
if r’"dede’ =3f [or dede’ = “asa e 


we get on integration 


Cf, ef - Bf. ef, 


6rac(t — Bt ancx — BF * Gece — 


ef.a ef. a? 
~ orca — BT r8ack(1 — py’ (32) 
for the x component of the reaction exerted on the electron by its own 
field, all terms to and including the fifth order having been retained. 
The coefficient of f, is the usual expression for the longitudinal mass, 
and the third term is the damping effect of the radiation. It is obvious 
from symmetry that the y and z components of the reaction are zero. 
Let us now treat the general case of any type of motion. Consider 
the axes so oriented that the velocity of the point O on the electron is in 
the X direction and its acceleration in the XY plane at the instant 
considered. Let P be another point whose coédrdinates relative to O 
are x, y,0. Designate by a the angle which the velocity of O makes with 
the X axis at the end of the time dt. Then 


Since 





K,=- 





sina = we cosa =I. (33) 
Moreover 
Xt ant (Set Sy)ar, 
yemyt (See ) au (34) 
But 


(x, cosa + y;,sin a)’k? + (x;sin a — y;,cos a)? = xk? + y*, (35) 
where 
Vz, = V2 + fdt, 
Vy, = vy + fat. 
Substituting in (35) the values of sin a and cos a from (33) and those 
of x, and y; from (34), we get on equating to zero the coefficients of x? 
xy, and y? 


aa ae 2Q7= 
Ox ils 

Ov, 

dy on 

We | pe, lv _ 
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Now, if there is to be no rotation of the electron as a whole 


Os _ 
oy 
Hence 
Ov: le &, 
Se i xe SS ee ae 
Ox ” c’ oy ™ 
Wy = 2 fy Oy _ 


Now consider a point Q near P. Let dx’, dy’, o be the coérdinates of 
Q relative to P when the electron is at rest, and dx, dy, o these codrdinates 
when it is in motion. Let dr’ and dr respectively denote the distance 
PQ under the same conditions, let a be the angle which r makes with the 
X axis, and let @ be the angle which the instantaneous velocity of P 
makes with this axis. Then 


dr” = kdr? cos? 6 + dr sin? 6. 


But 
_ 9) = — pel 
tan (a — @) = tag k ak 
Hence 
dr’ = kdr V1 — B’ sin? 6 — weaxprl x cos 6 — wadxprl x sin 6. 
C Cc 
If@=o 
dx’ = kdx — ae xdx, 
I te 
a as on Meee? oe 
x’ = kx 5 FB ate 
If 6 = go° 
dy’ = dy — pelt ede, 
y’ =y- © pope lt 2 
Hence 
, 
eee + 5 ary, 
, I 2 
ye V+5arw 
Sa pl + arvh 
wis I + a; 
me mm,’ . 1 k'a,*7, 
ye 2 (: + 2a: + 3a; _ Sait ) e* 7 7 ’ 
r 
m m,'k 1 ka;? 
—— = mr (s + Sa," + Sai! - 301%: ‘ ) ae i eee, (37) 
r r 
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Therefore we obtain from (23) for the x component of the electric 
intensity exactly the same expression (30) as in the case of linear motion. 
So far as the part of the x component of the force which depends upon 
the magnetic field is concerned, the first term which does not vanish on 
integration is of the sixth order and hence negligible. Remembering that 


, , 
f [5 5 rtdeae =0 


and integrating, we get for the x component of the reaction exerted on 
the electron by its field the same expression (32) as in the case of linear 


motion. 
For the Y direction we obtain from (23) and (37) 
a a 3,242 : s 
aia ;{ mate (1 — sat eh tae +3a— Lev) 
I 3 4 
— Eye (1 — 202-36 + 20+) 


re 3 
+2 am(1 +30; - 2b,--- ) 


3 8 4 
— See (1 tear) +See, }. 


Neglecting terms which give rise to equal and opposite pairs of forces, 
this reduces to 


yy” x” 
dE, = “| - I fu’, e(s +5 - 26%, si B.. +) 





4nr’ 2c 
I 72 io 72 
es Mo + o 3s #(3-%) 
t fy" y” 
+e et ay I: (38) 


Also, from (24) and (37) 


~(v X dH), = — BdH, 
= 1b 
= oe — &m,(1 ae is +) + a,Bk(y.m, ie YyMz) 
4nr” 
+ 3 BR? (5.m, nai 5ymz) = 4BR (e,my “ €yMz) 
+ 4-7, BR? i $5,6°® vee}, 


which reduces, when we neglect terms which give rise to equal and oppo- 
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site pairs of forces, to 
de |1 “ x” 
“(wx dH), = ~ ae fe gees (1 42-255.) 
47r r r 


= 20 gt}. 9) 


Hence 


2c c 


72 pf /2 
ie (2 +0) 3 (3-4) 


d , 72 a’ 
dE, + - “(v X dH), = eo) ee (1 +%- spe...) 
4ur r 


4 
8 ¢ r 


mt “ 
+i a(4—2%5)--} (40) 


30 & 
and the total reaction 


/2 
=i f f deae'| 5% (: +5) + 26 ftw 
r Cc 
2fuy._ hi’ (,_ 9"), hv" y” 
tthe lo (s-2)+Sleo(sa8) 
Integrating we find 


e*fy ef - Bf, _ ef, : 
6rac(1 — Bt anc — BP Gee(a — 6) 








K,=- 


2 2 2 
___ "fa * Ln a 

gnct(1 — 6?) 182c3(1 — 6?) 
where the coefficient of f, is the usual transverse mass. We obtain a 
similar expression for K,. It is to be noted that the coefficient of f- Bf 
as well as that of f is independent of the assumption as to the distribution 
of the charge.* 

It may be of interest to give, in passing, the equation of motion of 
the deformable electron to all orders—neglecting products of derivatives 
of the velocity—for the instant when the electron is at rest relative to 
the observer. The analysis is omitted. We find for the reaction of the 
electron’s field 


1 It is to be noted that in (32) and (41) are obtained for the first time general expressions 
for the longitudinal and transverse masses respectively which are not limited to a quasi- 
stationary state of motion. 
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K e*f ef efa e"fa? e*fa* e*fa* 

~  6wac? " 6rc® = gmct © 184c® = g5mc®§ * 135mc7 

e , 1)* ( 2a\" d'v 
~ I2na’c hh! c) dt 

2 2ad 
=n ¢ tay 
127a°*c 
e 


T2matc “e=—2° (42) 

The force exerted on an electron by its own field is equal to a constant 
multiplied by the velocity which it had at a time earlier equal to the time 
taken by light to travel across the electron’s diameter. Now, if we choose 
the proper point inside the electron to take as the one to which the 
derivatives of v in the equation above apply, we can make the product 
terms which we have neglected vanish exactly. So there is a point inside 
the electron for which (42) is the exact equation of motion. 

To return to our problem. Inspection of expressions (32) and (41) 
shows that the reaction on the electron due to its own field contains 
terms having the directions (except for the aberration due to the differing 
powers of 1 — 6? in the denominators of the components) of f, f and 
higher derivatives of the acceleration. There is no term representing a 
force opposed to the velocity, as Larmor’s result would imply. Hence 
the reaction constitutes a resistance to the acceleration, etc., and not 
to the velocity of the vibrating electron. Jn fact we shall now show that 
in every term—mass reaction as well as radiation reaction—the form of 
equations (32) and (41) is precisely that demanded by the principle of 
relativity. 

Let symbols without primes refer to a system K (0), which we may 
for convenience call the rest system, and let symbols with primes refer 
to a system K (v) which has a velocity v in the X direction relative to 
K (0). Consider a moving point. Its velocity, acceleration, and higher 
derivatives relative to an observer in K (v) are found in terms of these 
quantities relative to an observer in K (0) by differentiating the Lorentz- 
Einstein transformations. Suppose now that the point is, at the instant 
considered, at rest in K (v). Then the transformations obtained reduce to 


fe = Rfz, 
fy = Ff, 
jl = kf. + 308 BE, 


il = bj, + 308 BE, 
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fal = kf, + terms of sixth and higher orders, 
fi) = hfe toe, 
fl = fet ++, 
fil = Rfy toe. 


If now, our point represents an electron, its equation of motion relative 
to an observer in K (v) is obtained by putting 8 = o in (32) and (41), 


ok = £52. _ Se , fea _ fee 
z 


pen -, - ve 
ek.’ = e*fy _ fy Get He... 
° 6rac®— 6rc®—— gmc* —s 18 0° 


But the relativity theory gives the familiar relations 








| ay = Ba 
I 
E,' = k{ Ey +400 x H),}. 
Hence we have 
P< 2: 2 
et 6xack(t — B)! 2c(1 — 6°)? 6me(1 — 62)? 
_ fafa 
orc’(1 — 6)? = 189c8(1 — B)3_~—’ 
I a. a __ et Rhy 
{Ey +o Wx H), } ~ 6rackt(1 — B)? 2amct(1 — Be)? 
dy, ah 


~ 6ret(1 — 6) T omc — BY? 18Re%(1 — BE” 
which agree exactly with (32) and (41), showing that 6 enters into the 
equation of motion of a moving electron in exactly the same way whether 
we obtain that equation directly from electrodynamics, or obtain it by 
applying the electrodynamic equations to an electron at rest and then 
using the kinematical transformations of relativity to find it relative 
to an observer with respect to whom the electron is in motion. So we 
conclude that the equation of motion of an electron as determined from 
the electrodynamic equations is completely in accord with the principle 
of relativity, at least as far as the fifth order. Hence a moving vibrator 
experiences no retardation on account of its radiation. And since the 
retardation in question depends only upon the drift velocity and rate of 
radiation, this conclusion is equally true of any moving body, however 
complex. 








SECOND 
400 LEIGH PAGE. co, 


SUMMARY. 

(a) Professor Larmor’s deduction from the electrodynamic equations 
of a radiation reaction on a moving mass has been shown to rest upon a 
tacit assumption which utterly invalidates his conclusion. 

(b) It has been shown rigorously that classical electrodynamics leads 
to no retardation on a moving and radiating mass, but is completely in 
accord with the principle of relativity. 

(c) The equation of motion of the Lorentz deformable electron has been 
computed from the electrodynamic equations as far as and including terms 
of the fifth order, and found to be in exact agreement with the principle 
of relativity. The result obtained is more general than any previously 
published in that it is limited to no particular type of motion, such as 
quasi-stationary motion in a straight line. 


SLOANE Puysics LABORATORY, 
YALE UNIVERSITY, 
December 19, 1917. 
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AN EXPERIMENTAL INVESTIGATION OF THE ENERGY IN 
THE CONTINUOUS X-RAY SPECTRA OF CERTAIN 
ELEMENTS. 


By CLAYTON T. ULREY. 


N the classical research of W. H. and W. L. Bragg! on the reflection 
of X-rays from crystals it was shown that besides the characteristic 
lines emitted by the target of the X-ray bulb there was always present a 
considerable amount of radiation in the neighborhood of the lines which 
could not be resolved into separate lines by the X-ray spectrometer. 
In photographs of X-ray spectra this continuous part of the spectrum 
manifests itself by the ‘‘fogged ” background upon which the character- 
istic lines are superimposed. 

The purpose of this investigation was: 

(1) To obtain the energy-wave length distribution curves for the 
continuous spectra of various elements with the special object in view of 
determining the relation between the amount of energy radiated and the 
atomic number (or atomic weight) of the element, and 

(2) To investigate the effect of a variation of voltage applied to the 
tube on the amount and distribution of energy in the spectrum. 

Professor William Duane and F. L. Hunt? investigated the energy 
distribution in the continuous X-ray spectrum of tungsten and found 
that the short wave-length end of the spectrum has a very definite 
boundary whose wave-length is given by the relation 


he 
o= i 

where Ayo = minimum wave-length excited, V = constant voltage applied 
to the tube, e = electron charge, 4 = Planck’s radiation constant, and 
c = velocity of light. They showed that the energy, as measured by its 
ionizing effect, increases rapidly with increasing wave-length and soon 
reached a maximum value and then decreases less rapidly with a further 
increase of wave-length. 

Similar radiation curves of tungsten have been obtained by Dr. A. W. 


1 Royal Society, Proc., A, 88, July, 1913; and X-Rays and Crystal Structure, Chapter 6. 
? Puys. REv., VI., Aug., 1915. 
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Hull! and by Dr. Hull and Miss Rice,? which show in a general way 
how the maximum is shifted toward the shorter wave-lengths as the 
voltage applied to the tube is increased. Dr. Hull* has also compared 
the radiation curves of tungsten and molybdenum obtained under iden- 
tical conditions (at 45,000 volts). Inspection of these last curves shows 
that the intensities of the maxima are in the same ratio as the atomic 
numbers of the elements tungsten and molybdenum. 

The problem of the dependence of the intensity of X-radiation upon 
the atomic weight of the element emitting the radiation has been investi- 
gated in a number of researches, among which may be mentioned those 
of G. W. C. Kaye,‘ of R. Whiddington,® of R. T. Beatty,® and of C. S. 
Brainin.’? They all agree that there is no definite relation existing 
between the (otal emission and the atomic weight. Kaye, however, 
obtained an approximate proportionality between intensity and atomic 
weight when he interposed a sheet of aluminum of several millimeters’ 
thickness between the X-ray tube and ionization chamber. The explana- 
tion given for this effect of the aluminum is that it absorbed most of the 
characteristic radiation from the elements of low atomic weight where 
the characteristic constitutes a large percentage of the total radiation. 
If this be the correct explanation we may expect to find the true relation 
only when the characteristic radiation is entirely eliminated. Analysis 
of the spectrum by the X-ray spectrometer is a suitable method for 
making this elimination. It is not improbable that a comparison of the 
intensities of corresponding characteristic radiations of different elements 
may also reveal valuable information in regard to this same problem. 


DESCRIPTION OF APPARATUS AND METHOD. 


For these experiments a special X-ray tube was constructed, with a 
steel anticathode in the form of a hexagonal prism upon each face of which 
was mounted a sheet of one of the metals, chromium, nickel, molybdenum, 
palladium, tungsten and platinum. To the base of the prism and in line 
with its axis was attached a steel tube whose inside diameter was just 
sufficient to allow it to slip down over a steel rod mounted vertically in 
the bulb and acting as one electrode. Thus the anticathode was free 
to rotate about a vertical axis so that each of its faces could be brought 

1 American Journal of Roentgenology, II., Dec., 1915. 

2 Proceedings National Academy of Science, II., May, 1916. 

’ Curves published by Bergen Davis, Puys. REv., IX., Jan., 1917. 

4 Phil. Trans. Roy. Soc., A, 209, 1908-9. 

5 Proc. Roy. Soc., A, 85, I9II. 


6 Proc. Roy. Soc., A, 89, 1913-14. 
7 Puys. REv., X., Nov., 1917. 
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into position to be bombarded by the cathode stream. The rotation was 
accomplished by use of an electromagnet outside the bulb acting upon a 
bar of soft iron fastened at right angles to the steel tube and as far below 
the prism as possible. 

A Coolidge cathode obtained from the General Electric Co. was sealed 
into one side of the X-ray bulb in a horizontal position. The bulb was 
exhausted by means of a mercury diffusion pump in connection with a 
Gaede rotary pump for producing the fore-vacuum. In order to prevent 
mercury vapor from reaching the X-ray tube a condensation chamber was 
sealed between the bulb and pump. During the operation of the pumps 
this chamber was surrounded by a Dewar flask containing slush of carbon 
dioxide snow and ether. By this means a vacuum was attained which 
was high enough to prevent any trace of a gas discharge at 50,000 volts. 

A step-up transformer was used to obtain high voltages. Energy was 
supplied to the transformer by a 5-kilowatt, 500-cycle generator whose 
speed was maintained constant by use of an auxiliary synchronous motor. 
The voltage was regulated by adjustment of a variable resistance in the 
generator field circuit which was separately excited by a storage battery 
of 120 volts. The current from the transformer was rectified by the use 
of two kenotrons, one connected to each terminal of the secondary of the 
transformer. In order to reduce the voltage fluctuations in the high- 
voltage circuit to a minimum, a resistance and a specially designed 
high-voltage condenser of .016 microfarad capacity were inserted after 
the manner suggested by Dr. A. W. Hull,! of the General Electric Co. 

The voltage applied to the X-ray tube was measured by an electro- 
static voltmeter designed by Professor Davis. It was essentially a 
Coulomb’s balance in which a pair of movable spheres were repelled by a 
pair of stationary ones. A mirror attached to the suspension of the 
movable spheres reflected a beam of light upon a scale at a distance of 
approximately one meter. The instrument was calibrated by means of 
a spark gap between spheres of 12.5 centimeters’ diameter. 

The filament of the cathode was heated by a current from a storage 
battery. The electron current through the X-ray bulb was read by 
means of a milliammeter placed next to the bulb, so that it would indicate 
only the current through the bulb and not the leaks along the line. 

The X-ray bulb was completely surrounded by a lead shield of .6 
centimeter thickness with a narrow aperture on the side facing the 
spectrometer. The beam of X-rays after passing through this aperture 
and the first slit of the spectrometer was reflected from the (100) face 
of a crystal of calcite for which the distance between reflecting planes is 

1 Puys. REv., VII., March, 1916. 
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3.030 X10-'cm. The reflected beam passed through the second spectrom- 
eter slit and a thin mica window into the ionization chamber. The 
crystal used in these experiments was finally selected as being the most 
nearly perfect out of a large number which were tested by examination 
of the photographs obtained when the crystal was used as a reflector for 
a narrow band of general X-radiation. 

The ionization chamber consisted of a hollow steel cylinder 75 cm. 
long and 7.5 cm. diameter, in which was supported a small steel rod 
insulated from the chamber and parallel to the axis of the chamber, but 
decentered far enough to prevent any X-rays from impinging upon it. 
The chamber itself was earthed and the insulated electrode was charged 
to a potential of 400 volts. A gold leaf attached to the end of this 
insulated electrode was viewed by means of a low power microscope with 
a scale in the eyepiece. The rate of leak was determined by observing 
the time required for the image of the leaf to move over a certain part of 
the scale (10 divisions). The sensitivity was about 5 divisions per volt 

In order to increase both the absorption and the ionization, ethyl 
bromide (C,H;Br) vapor was used in the ionization chamber. At a 
temperature of 20° C. the absorption in a mixture of air and saturated 
ethyl-bromide vapor is approximately 2.4 times that in air, since the 
pressure of the vapor is 387 mm. and its density relative to air is 3.78. 
Hence the absorption in this mixture was equivalent to that in a chamber 
180 cm. long if filled with air alone. 


DISCUSSION OF RESULTS. 
I. Comparison of the Energy Distribution Curves at Constant Voltage. 


In Figs. 1 and 2 are shown the radiation curves of the six metals 
investigated. The data for these curves were obtained under identical 
conditions with a potential difference of 35,000 volts applied to the X-ray 
tube, a current of 1 milliampere, and a slit width of .4 millimeter. The 
ordinates represent intensities, as measured by ionization, and the 
abscissas wave-lengths calculated from Bragg’s formula, \ = 2d sin @. 
After the maximum of the tungsten curve had been located and its 
intensity measured, this was chosen as a standard and readings were 
taken for this setting of the spectrometer during the observations for 
each of the other metals. This procedure was necessary in order to make 
corrections for variations in the sensitivity of the electrometer from day 
to day. The only other correction was made for the natural leak and 
scattered radiation from the crystal and other sources. These two 
errors were corrected at the same time observing the rate of leak whenby 
the X-ray tube was in operation but the crystal and ionization chamber 
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slightly out of step. The curves are extended only to .9 A.U. since 
beyond this limit the broad characteristic bands of the L series of platinum 
and tunsgten appear and also the absorption of ethyl bromide undergoes 
a sharp change in this region which corresponds to the edge of the K 
series absorption band of bromine. These curves have practically the 
same form except where they are modified by the presence of the char- 
acteristic radiation and the accompanying absorption in that region. 





Fig. 1. Fig. 2. 


X-radiation curves of different metals. 


There is a shift of the position of the maximum toward shorter wave- 
lengths with increasing atomic weight. The shift is small and there 
does not appear to be any simple relation between the position of the 
maximum and the atomic weight. 

The total energy which an element can emit in the form of radiation 
is given by: 


Energy = f €,dd 
Ao 


and the area under the radiation curve is proportional to this integral. 
The curves shown above do not represent the true radiation curves since 
they have not been corrected for the reflecting power of the crystal or 
the absorption in the glass of the X-ray bulb, both of which vary with the 
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wave-length. However, since the curves extend over the same range of 
wave-lengths, their areas will still give the relative values of the energy 
emitted by the various elements. The areas were obtained by means 
of a planimeter and are given in Table I. The areas due to the char- 

















TABLE I 

Element. Atomic Weight. Atomic Number. | Area of Radia- | Intensity of 

| tionCurve. | Maximum. 
Platinum.......... | 495.2 78 / 1000 | 100.0 
Tungsten......... | 184.0 74 | 90.0 | 89.9 
Palladium......... 106.7 46 | 60.3 58.6 
Molybdenum...... 96.0 42 | 54.3 | 50.1 
| SIS | 58.7 28 | 45.7 | 43.7 
Chromium......... | 52.0 24 | 34.6 33.9 








acteristic radiation were not included in the integration. When these 
areas are plotted against atomic weights or atomic numbers of the 
radiating elements the relation appears to vary in a periodic manner, 
the periodicity coinciding with that of the chemical periodic system. 
For convenience of reference the arrangement of these elements in the 
periodic table is shown in Table II. The numbers are the atomic 











TABLE II. 
tt: if tut, | Group VIII. 
24 28 
aa Cr. 52 NE, 58.7. 
| 42 | 46 
5 = Mo. 96 Pd. 106.7 7 
| 74 | 78 
| W. 184 | 


Pt. 195.2 
numbers and atomic weights. The 
same phenomenon is shown in a more 
striking manner when the intensities 
of the maxima are plotted against 
atomic numbers, as in Fig. 3. 

The values of the intensities shown 
here are averages of a number of ob- 
servations (4-6) taken on the differ- 
ent elements in succession, except in 
the case of palladium where the char- 
acteristic radiation falls on the maxi- 
mum. The value in this case was 
Fig. 3. determined indirectly by finding its 
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relative intensity for a wave-length slightly shorter than that of the 
maximum. The straight lines drawn through the points correspond- 
ing to the members of the same series are nearly parallel. The same 
periodicity was found when different voltages were used and also when 
the intensities of a wave-length greater than that of the maximum were 
compared. 

It would be desirable to have similar data for a large number of 
elements before any definite conclusions in regard to this phenomenon 
be drawn, but it seems probable from these results that the number of 
radiating electrons which are active in producing the continuous X-ray 
spectrum, or the amplitude of their vibrations (or both) is a periodic 
function of the atomic number, i. e., of the nuclear charge of the radiating 
element. 


II. Effect of Voltage Upon the Energy Distribution Curves. 


Fig. 4 shows the radiation curves of tungsten for voltages of 20, 25, 30, 
35, 40, and 50 kilovolts. A Coolidge X-ray tube was used in this case 


inTéensity 





“WAVE LENGTH Im ANGSTROM UNITS 


Fig. 4. 


Tungsten X-radiation curves. 


as it could be operated more easily and at higher voltages than the one 
previously used. The power supplied to the tube was maintained con- 
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stant at 35 watts and the results reduced to intensity per milliampere. 
This was necessary in order to prevent shifting of the focal spot due to 
expansion of the metal rod supporting the target. The same corrections 
were made as in Part I. 

The similarity between these curves and those of the radiation from 
a ‘“‘black body”’ suggests comparison. ‘Temperature in the ‘‘ black body”’ 
radiation curves corresponds to voltage in the X-radiation curves. To 
test the apparent similarity quantitatively we must determine how the 
frequency of the maximum varies with voltage, 7. e., we must determine 
the displacement law for the X-ray curves. In order for the similarity 
to be complete we should have Amax V = const. corresponding to Wien’s 
displacement law, Amax7 = const. or what amounts to the same thing, 
we should have the ratio, Amax/Ao = Const. since Ay» V = const. as has been 
proved experimentally by Hull! for voltages up to 100 kilovolts. 

In Table III. are given the experimental values of the minimum 














TABLE III. 

Volts. cry Ade Amax- | amex, Aol Amax 4. 

; | ‘ xt |” 
20,000 0.46 615 A.U. | .710 A.U. 1.15 1,230 100.4 
25,000 1.85 490 | .620 1.26 1,225 98.0 
30,000 3.96 405 | 555 1.37 1,215 96.1 
35,000 6.78 355 | .520 1.47 1,243 97.3 
40,000 10.06 .310 | -500 1.61 1,240 100.0 
50,000 16.34 | .250 | 470 1.88 1,250 105.1 




















wave-length, Ao, the wave-length of the maximum energy, Amax, and the 
ratio, Amax/Ao for the various voltages used. 

From these results it is clear that the ratio Amax/Ao increases with the 
voltage and shows no tendency toward a maximum value within this 
range of voltage. When the values of this ratio are plotted against the 
square root of the voltage, the relation is found to be nearly linear. 

Hence 


_ 


— = kV* + const. 
Xo 


or 
max VV? = const. 

The last column in the table shows how nearly this relation holds. It is 

probable that if corrections for absorption in the walls of the X-ray 

tube and in the crystal could be made, the variation in the ratio Amax/Ao 

would be less. This latter correction would involve a knowledge of the 

1 Puys. Rev., VII., Jan., 1916. 
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variation of reflecting power of the crystal with wave-length, which, un- 
fortunately, has not yet been determined. 

The sixth column in the table shows AoV to be constant which is in 
agreement with the results of other observers who used the spectrometer 
method to measure Ay. The value of / calculated from the average 
value of this constant is 6.54 X 107". 

The fact that Amax/Ao increases with voltage means that the maximum 
frequency, vo, increases at a greater rate than the frequency of the maximum, 
Ymax- This would account for the deviation from a straight line which 
was obtained by R. Ledoux-Lebard and A. Dauvillier' when they plotted 
maximum frequency against voltage, since they determined the frequency 
by observing the position of the short wave-length limit of the continuous 
spectrum from photographs. Since the intensity falls rapidly from Amex 
to zero at Xo, they probably chose as the 
limit of the spectrum, a point nearer to 
Amax than Xo. 

‘An estimate of the relative energy rad- 
iated at the different voltages may be 
obtained in two ways: 

1. Since the radiation curves in Fig. 
4 are similar and vary continuously with 
the voltage, the equation of such a curve 
may be deduced and when integrated 
this will give a measure of the energy: 
The equation of such a curve has been 
deduced from theoretical considerations 
by Professor Davis.? 

2. The integration of the experimental — 
curves may be performed directly by ob- Fig. 5. 
taining their areas with the planimeter. 

The latter method was used here and the areas were plotted against 
the square of the voltage in Fig. 5. 

Assuming that the areas are proportional to the energy radiated, this 
method shows a linear relation between the energy in this part of the X- 
ray spectrum and the square of the voltage, between 25 and 40 kilovolts. 
For both higher and lower voltages there are deviations from the straight 
line relation. The errors previously cited may be even more serious 
here, since the radiation curves extend over different ranges of wave- 
length. 

The curvature in the lower part of the graph is partially due to the 





1 Comptes Rendu, Dec., 1916. 
2? Puys. REv., IX., Jan., 1917. 
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fact that a greater percentage of the total radiation is absorbed in the 
walls of the tube and in the crystal for the lower voltages than the higher, 
since the absorption coefficient is greater for the longer wave-lengths. 
The low value of the energy for 50 kilovolts may be due to the fact 
that at this voltage radiation is present which is too penetrating to be 
completely absorbed in the ionization chamber. The graph does not 
pass through the origin since the integration extended only to a wave- 
length of .975 A.U. which is excited at a voltage of 12.66 kilovolts. For 
lower voltages than this the only radiation excited would have wave- 
lengths greater than .975 A.U. and therefore would not be included 
in the above measurements. This also contributes to the curvature in the 
lower part of the graph since, obviously, a greater percentage of the total 
energy is neglected at the lower voltages. 

For the sake of comparison of methods, the data for the total X-ray 
energy emitted by a Coolidge tube and measured by means of a bolometer 
by P. T. Weeks! are shown in Fig. 5 by the dots. The fact that his 
measurements included the effect of the characteristic L radiation would 
account for the greater rate of increase of energy with voltage which 
he found. 

SUMMARY. 

The continuous X-ray spectra of platinum, tungsten, palladium, 
molybdenum, nickel and chromium have been investigated by the X-ray 
spectrometer method. 

By comparison of the areas and maximum ordinates of the radiation 
curves of the different elements, it appears that the energy emitted in 
the form of X-radiation in this part of the spectrum is not directly pro- 
portional to the atomic weight or the atomic number, but is a periodic 
function of either, the periodicity coinciding with that of the chemical 
periodic system. 

The continuous spectrum cf tungsten has been investigated over a 
range of voltage from 20 to 50 kilovolts. Within this range the following 
relation between the wave-length of maximum energy, Amex, and the 
voltage is found to hold 

max V? = const. 

The areas under the tungsten radiation curves are proportional to the 
square of the voltage between 25 and 40 kilovolts. 

In conclusion I wish to acknowledge my indebtedness to Professor 
Bergen Davis who suggested this work and whose development of the 
X-ray laboratory made it possible. 


PHOENIX PHYSICAL LABORATORIES, 
COLUMBIA UNIVERSITY. 


1 Puys. REv., X., Nov., 1917. 
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ON THE SECOND POSTULATE OF THE THEORY OF REL- 
ATIVITY: AN EXPERIMENTAL DEMONSTRATION OF 
THE CONSTANCY OF THE VELOCITY OF LIGHT 
REFLECTED BY A MOVING MIRROR.! 


By Q. MAJORANA. 


HE theory of relativity is based upon two well-known fundamental 
postulates. The first postulate asserts the impossibility of de- 
tecting the movement of a system without referring it to other systems; 
that is, it denies the physical reality of absolute movement. The second 
declares that c, the velocity of light in free space, is a universal constant. 
Both of these postulates are generalizations from facts or principles 
heretofore accepted by physicists. 

In fact, the first postulate may be considered as the extension of a 
principle of classical mechanics to the optical or electrical phenomena; 
an extension justified by the negative results of the experiments (Michel- 
son & Morley, Cronton & Noble) designed to discover the absolute 
movement of the earth or the ether which permeates all terrestrial 
objects. The second postulate is the generalization of the elementary 
principle of the electromagnetic or the undulatory theory of ether. 

But, if these principles were taken from quite different chapters of 
physics, and were severally accepted by modern physicists—ignoring 
their origin, there would result from their union an ingenious construc- 
tion; the theory of relativity. This theory, even though contested by 
Einstein and others, is a theoretical conception which led to the formula- 
tion of the second postulate (the ether), and serves to explain the failure 
of the experiments cited. 

Now our thought, accustomed, as W. Ritz had said, to ‘“‘substan- 
tialize’’ the optical phenomena, may easily grasp the essence of the first 
postulate, but it cannot do so with the second; especially since, as 
mentioned before, the relativistic theories do not depend necessarily 
upon the existence of a transmitting medium to explain the constancy 
of c. On the other hand, the conclusions which seem artificial and 
strange to all the relativistic theories? are due to the second postulate, 

1 Manuscript rendered from French by Kia-Lok Yen, Ryerson Laboratory, University of 


Chicago. 
2 Carmichael, PHys. REv., 1912, XXXV., p. 168. 
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or, more precisely, to certain parts of it. This second postulate should 
be understood in the sense that an observer who measures the velocity 
of light, finds its value the same whether both he and the source are 
relatively or absolutely (provided he admits the possibility) at rest, or 
whether either the source or the observer or both of them are in uniform 
motion. That is, the second postulate affirms the absolute independence 
of c of whatever contingent unaccelerated velocity of either the source or 
the observer. 

It is known that an hypothesis of a mechanical character (emissive or 
ballistic), according to which the velocity of the source should be added 
to the ordinary velocity of light, could, as the theory of relativity, explain 
the failure of the experiments cited before. But such an hypothesis 
would be in radical contrast with the electromagnetic theory and con- 
sequently would not find much favor.! But in any case laboratory 
experiments which could decide between said hypothesis, or mechanical 
theory, and the relativistic theory, are imaginable. Indeed, it is pos- 
sible to see that some method, even already known, adopted for the 
verification of Doppler’s principle in optics, may be able to furnish a 
solution to this problem. 

In order to see this, let us consider a source of light S, which emits 
waves the length of which is \ and the frequence , and which moves 
with a velocity v toward the observer remaining at rest at O (Fig. 1). 

® $ U 
ee — 4 =f t——#? 
Fig. 1. 





If we suppose that the waves are transmitted through a fixed ether, 
the waves emitted from S in one second will be distributed over the 
segment S’A =c—v. In the same interval there will pass by O all 
the waves m distributed over the segment, OB = c. Consequently we 
have: 

c—v 
n 


c : c 
=, or wf =.4-"~. 
n c—v 





If v/c = 8, we have n’ = n(1 + 8), neglecting the terms containing 6 of 
higher than the first order. And since c= my =n’). Therefore 
’ = X(1 — 8B), which is the length of the new waves. 

If instead of the hypothesis of the fixed medium we employ the previ- 
ously mentioned ballistic or emissive hypothesis, we will find that in one 
second the » waves emitted from S will be distributed over the segment 


1In this connection attention should be called to the important critical work of W. Ritz 
(Ouvres, p. 317), which, perhaps, has not received sufficient consideration from physicists. 
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S’A’ =c. In an equal interval there will pass by O, m’ waves which 

will distribute over the segment OB’ = c+. Thus we will have: 
ee or n’ = n(1 + B). 

And since in this case c = m\ and c + v = n’N’, therefore \’ = X. 

As far as frequency is concerned the same result—excepting the terms 
in 6’—is reached by both the ether and the ballistic hypotheses. But, 
the values for the wave-length resulting from the two hypotheses are 
different, and these values differ for the first order of 8. Thus, if Dopp- 
ler’s effect is measured by the observation of the wave-length, different 
results will be obtained according to whether one or the other of the 
hypotheses is accepted.!. Now the observations of Doppler effect have 
‘ been made up to the present by measuring the displacement of the 
spectral lines by means of either prisms or diffraction gratings. In the 
case of prisms, it may be observed that the theories of dispersion hereto- 
fore accepted conduce to the supposition that this phenomenon may 
depend only upon the frequency of the incident light. Consequently 
the displacement of the spectral lines may be caused by the simple 
variation of frequency due to the Doppler effect, and so the ether and 
the ballistic hypotheses are equally acceptable. From this point of 
view, therefore, the question whether the velocity of the propagation of 
light emitted from a source does or does not change with the velocity of 
the latter cannot be settled. 

But besides prisms, Doppler effect has been verified by diffraction 
gratings for the astronomical as well as the terrestrial sources.? If the 
function of the grating is considered, from the geometric point of view, 
as dependent entirely upon the incident wave-lengths, the positions of 
the successive spectral lines will remain exactly definite. But since, 
according to the ballistic hypothesis, the value of \ does not vary with 
the velocity of the source, it can be easily seen that gratings will not 
give appreciable results in the examination of the Doppler effect, and so, 
as has been said, will not confirm the experiment. Therefore it may be 
concluded from the observations of the Doppler phenomenon in the 
stars and the sun, with moving mirrors (Galitzin and Wilip), or again 
in the canal rays (Stark, Paschen), that the velocity of light is constant 
and entirely independent of the movement of the source; which is 
equivalent to the rejection of the ballistic or emissive theory. Tolman® 

1 These conclusions are the same as those already published by others; see, for instance, 
Tolman, Puys. REv., 1910, XXI., p. 26. 

2 Galitzin et Wilip, Communications Acc. Russe, 1907, p. 213; Stark, Ann. d. Phys., 


1909, 28, p. 974. 
3 Puys. REv., 1912, XXXV., p. 136. 
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is of this opinion as contrary to that of Stewart.! As a matter of fact, 
it should be remarked that the common theory of grating? would no 
longer be exact in the case of the mechanical (ballistic or emissive) theory 
of light. In any case it is necessary to note that the astronomical 
observations of the Doppler effect are not always made with the a priori 
knowledge of the relative velocity between the source and the observer. 
In the case of the sun, on the contrary, it is necessary to establish a rela- 
tion between the displacement of the lines and the velocity of the borders 
by the observation of the sun spots; in fact, the light of the borders 
may be entirely refracted by the peripheral incandescent gas, and con- 
sequently the value of Doppler effect may change considerably.* In so 
far as the terrestrial observations and those of the canal rays (Stark, 
Paschen) are concerned, they do not give very precise measurement of 
the phenomenon, and it is not possible to determine the exact velocity of 
the luminous particles by another method. Finally, the observations 
made with moving mirrors are not correlative to the moving sources and 
so may give different and misleading results.‘ 

Hence it may be concluded that we have not so far possessed an 
altogether sure proof of the immutability of c by the variable velocity 
of the source—if, of course, we do not wish to admit as definitely accepted, 
either the simple electromagnetic theory, or Lorentz’s theory of moving 
bodies, or Ejinstein’s theory of relativity. The confirmation of this 
conclusion may be found in the works of those who strongly support the 
last theory, and implicitly the second postulate. In these works there 
is frequently found expressed the desire to discover further facts in order 
to confirm definitely the said theory; this desire is found in the recent 
discussions of this theory. 

But, on the other hand, as Levi-Civita observed, after Einstein’s last 
investigations which gathered into an admirably comprehensive synthesis 
all the physical phenomena (gravitation included), it is difficult to avoid 
the impression that in so far as the theory of relativity is concerned there 
is present something which is definitely unquestionable. But even if 
this is taken into account it does not mean that an attempt to obtain a 
final confirmation, from an experimental point of view, of a theory which 
has upset even our most simple physical ideas may be neglected. This 
confirmation may arise from the accurate study of the velocity of propa- 
gation of light emitted from a moving source, or, what amounts to the 
same thing, of the value of the wave-length \ of this light. 

1 Puys. REV., I91I, XXXII., p. 418. 

2La Rosa, Nuovo Cimento, 1912, III., p. 356. 


3 Michelson, Astroch. Jour., 1901, 13, p. 192. Harnack, Ann. d. Phys., 1915, 46, p. 558. 
4 See theory proposed by Ritz, Oeuvres, p. 321, 371, 444. 
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In order to realize such study it will be necessary to imagine a disposi- 
tion which, free of all external disturbance, would facilitate the examina- 
tion of the structure of the light wave in its propagation,—or transmis- 
sion—when the velocity of the source is varied at will. Now even leaving 
aside the fact that the execution of the experiment under the eventual 
action of the earth will be inevitable,! there will remain still two serious 
and almost insurmountable difficulties in the way of the realization of 
such a programme. In the first place, it is difficult to produce arti- 
ficially a rapid movement in a luminous source,? more so if the latter is 
to remain rigorously monochromatic; however I shall give an account, 
in a future publication, of a disposition of this nature on which I am 
experimenting. Secondly, in order to examine the structure of the light- 
wave emitted from a moving source, no matter with what disposition, 
it is necessary to subject the same light to reflections, refractions, etc., 
which are sometimes quite numerous; that is, the light pencil has to 
encounter ponderable material after leaving the source. Thus, even if c 
in free space does vary with the proper velocity of the source, the in- 
tensity would not return to the same fixed value after said phenomena 
of reflection, refraction, etc. It would be better, therefore in an experi- 
ment of this kind, to try to eliminate the greatest possible number of 
cases of complications from the phenomenon, and, in any case, to dis- 
cuss carefully its result. 

However, in order to begin a relatively simpler experiment, the study 
of the wave-length of a light pencil reflected from a moving mirror may 
be undertaken. This is like the experiment already performed, several 
years ago, by Belopolski, and repeated afterwards by Galitzin and Wilip. 
But if the first of these authors employed prisms in the observation of 
Doppler effect—and, consequently did not solve the question of the 
eventual variation of \A—the two others employed diffraction gratings 
which gave rise to the controversy mentioned before. It will be better, 
therefore, to examine the pencil reflected from a moving mirror by an 
interferential method which is simpler than those dependent upon the 
function of the diffraction grating. 

Before stating this method it may be well to point out that considerable 
theoretical work has been done upon the influence of the motion of the 
mirror upon the wave of the reflected light. Among these treatments are 
those of Abraham, Brown, Edser, Harnack, Larmore, and Plank. These 

1T am not imagining an interferential experiment of the sort proposed jocularly by Rose- 
Innes. See Phil. Mag., 1914, XXVII., p. 150. 

2 I mean by that a velocity greater than several hundred meters per sec. Such value may 
perhaps be reached but it is difficult to conceive of a practical disposition for a greater velocity. 


Naturally I set aside the employment of canal rays which do not give pure and also known 
velocities. 
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works have been simply concerned either with geometrical study or with 
the application of the electromagnetic theory of light. But without 
discussing the results of these studies we may accept the conclusions of 
Harnack! regarding the frequency of the vibrations reflected from a 
uniformly moving mirror. If v be the velocity of the mirror measured 
normally to its plane, and evaluated positively when towards the source, 
c the velocity of the light pencil in free space which makes an angle of 
incidence J with the mirror, n, nm’ the frequencies of the pencil before 
and after reflection, and if both the source and the observer are at rest, 
we will have, putting 8 = v/c, the following formula: 


P I+ 28 cos] + #? 
ag’ = 3 : 
[~~ 
which may be reduced, by neglecting the terms containing 8”, to: 
n’ = n(t + 28 cos J), 


which is the same as that of Ketteler,? which was employed by Belopolski? 
in his study of Doppler effect, and which was deduced similarly from the 
consideration that the image of the source moves with a velocity 2v 
along the normal to the mirror and consequently the component of this 
velocity along the reflected pencil is 2v cos J. 

Now if, by suitable devices, the pencil is reflected k times, with the 
incidence J, upon several mirrors moving with a velocity v, we will have 


n’ = n(1 + 2k6 cos I). 


Consequently, according to hypothesis of the constancy of the velocity 
of light, we will have (neglecting the terms containing {?): 


x = XA — 2k cos I). 


If, on the other hand, the velocity of the reflected light is variable, and 
is equal to c = 3:10" cm. plus the component of the velocity of the 
image along the pencil, we will have c’ = c+ 2kuvcosJ. And since 
c’ = n’N and c = nX, we will have \’ = X. The question then is to 
see experimentally whether or not, besides the Doppler effect, any vari- 
ation in the value of \ could be detected, and hence whether c remains 
constant upon the reflection by the moving mirror. I have not observed 
the Doppler effect in this investigation since its existence has without 
doubt been verified experimentally by the authors cited; I have rather 
investigated whether and how X does vary with the velocity of the 
mirror. 
1 Ann. d. Phys., 1912, 39, p. 1053; and 1915, 46, p. 547. 


2 Astronomische Undulationtheorie. 
3 Communications Acc. Russe, 1900, 13, p. 461. 
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Belopolski’s device for the study of Doppler effect had a disadvantage 
due to the minuteness of the light pencils necessary for obtaining multiple 
reflections upon the same mirror. For this reason he could not observe 
the displacement of lines on the photographs. Consequently an arrange- 
ment as represented by Fig. 2 is adopted. On the periphery of the 
horizontal brass wheel R, 35 cm. in diameter and 6 mm. in thickness, 
which can be turned with a maximum speed of 80 revolutions per sec., 
are mounted 10 glass mirrors M with their planes vertical and their back 
surfaces silvered. Thus the velocity of the centers of the mirrors at 
the maximum speed of revolution is more than 100 meters per second. 
The number of revolutions of the wheel is determined accurately in each 
experiment. The mirrors, equally spaced on the circumference of the 
wheel, make an angle a of 29° with the radius of R passing through each 





of their centers. They are fastened securely to the wheel by screws 
capable of rigorous adjustment. The support of the axle of R carries 
the fixed mirrors F with their planes vertical as M. They are three in 
number but may be decreased or increased at will up to nine. The 
positions of M and F are such that when R is at a determined angular 
position a parallel beam of light Z may, after a number of reflections— 
7 in the figure—travel in the direction L’. Naturally the intensity of L’ 
is considerably smaller than that of L; and the diminution is much 
greater when R is in motion, since in this case the light travels in L’ 
only in very short instances — 10 times per revolution. It was observed 
that practically the four moving and the three fixed reflections resulted 
in L’, a light still sufficiently intense even when R is in motion. Thus it 
will be possible to make direct observations—without photographs—in 
order to verify the light phenomenon. 

In order to study the value of \, the light L’ is examined by the well- 
known Michelson interferometer indicated schematically in the figure. 
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It is known that if the distances ss; and ses3 are exactly equal fringes 
can be seen in the telescope c even if the light is not monochromatic: 
these fringes will have the appearance of the Newton rings. But as 
soon as there is a difference of path—even of only several microns—the 
fringes can no longer be produced by white light. It is necessary to 
employ monochromatic light, and the order of the interference fringes 
increases with (the path) this difference. Their visibility is greater when 
the vibrations are simpler. Michelson’s' studies showed that from this 
point of view the line which gives the greatest visibility to the fringes 
with the largest path difference is the green mercury line (A = 546 uy). 
In this case, the circular fringes at infinity are visible even with a path 
difference of 1 = 2(sis3 — ses3) = 40 cm. Consequently, the mercury 
arc in vacuum is here chosen as the source L; the light from the arc is 
filtered through solutions of potassium chromate and nickel chloride in 
order to absorb the violet and the yellow radiations. Thus the circular 
fringes at infinity can be observed with sufficient clearness by means of 
the telescope c even when / = 32 cm. But in this investigation the 
path difference is limited to 13 cm. or even less. 

The disposition described is especially suitable for detecting the very 
small variations in the wave-length of the incident light. In fact, as 
the path difference is large, there are contained in this distance a very 
large number of A—200,000 if \ = 0.5 u and / = 10 cm.—and conse- 
quently very sensible displacements in the position of one fringe, cor- 
responding to the variations, can be observed. 

The apparatus thus arranged, the observation is made by first setting 
the cross hair of the telescope micrometer in a position identical with 
that of a certain fringe—for instance the first central bright one—when R 
is at rest, or, better still, when it is moving with a negligible speed—say 
I revolution per sec. Now if the speed of R is increased to about 60 
revolutions per sec. a displacement of the fringe referred to will be seen 
clearly. This displacement will indicate the diminution of ) if the mirrors 
move in the direction opposite to that of the incident ray; and will 
indicate the augmentation if the movement of the wheel is reversed. To 
determine the sense of the displacement it may be said that in examining 
the system of circular fringes with the telescope focused for parallel 
rays, the diameter of each of them incieases when the mirrors are moving 
against the incident light, and «s those of greater diameter displace very 
little, these fringes crowd together; and at the same time some new 
fringes come into being out of the center of the system. On the other 
hand, when the mirrors are moving in the direction of propagation of 


1 Travaux et Memoires, Bur. Int. de poids and mésures, 1895, XI., p. 146. 
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the incident light, the diameter of each of the fringes decreases, and the 
fringes become widely separated and some of them remain as if swallowed 
up by the center. 

Before saying what would be the extent of the displacement observed, 
it may be anticipated by way of a hypothesis that the velocity of the 
light reflected from a mirror would be the same as that of the incident 
light. Let g be the number of revolutions of R per second, and d—the 
distance between the centers of two opposite mirrors—be the diameter 
of R, then xdg will be the instantaneous linear velocity of the mirrors. 
Since these mirrors make angle a with the radius of the wheel passing 
through each of their centers the component, of this velocity in the direc- 
tion normal to the plane of each of these mirrors will be: 


v = mdg cos a. 
Therefore we have: 
; 2krdg cos a cos I | 


n’=ni{I : 
Cc 


and from the hypothesis of the immutability of c: 


2kadg cos a cos I | 
I _— 
c 


v=) 








Therefore when \ changes into \’—that is when the velocity of the 
wheel varies from zero to g revolutions per second—the number of 
fringes which will pass the cross hair of the telescope micrometer will be 


l 2kmdg cos acos I 


Fm ee: = , 


where / is the difference of path of the two interfering pencils in the 
Michelson interferometer. 

If the observation is made by locating first the position of the fringes 
when the wheel is turning in one direction with a speed g and then that 
corresponding to an equal and opposite speed, the number of fringes 
which will pass the crosshair of the micrometer will be 2f. 

Now in the present apparatus, d = 38 cm., a = 29°, I = 27°,k = 4 
(as in the figure). If = 0.546 uw (green Hg line), ] = 13. cm., ¢ = 3-10” 
cm., and g = 60 rev./sec. we will have by reversing the speed of R, 
according to the preceding formula, a displacement of 2f = 0.71 fringe. 

Actual experiment gives, for the case cited, a displacement of from 
0.7 to 0.8 fringe; and it is not possible, on account of the visibility, to 
push the accuracy of observer any further. But, as it may be seen, 
the agreement between the predicted and observed results is sufficient. 
This agreement is confirmed by observations made by choosing other 
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convenient values for / and g; but the discussion of these may for the 
sake of brevity be dispensed with here. 

In view of this result we are justified in concluding that the reflection 
of light by a moving metallic mirror does not modify the velocity of propaga- 
tion of that light in air, and consequently—with great probability—also in 
free space; this is at least so under the experimental conditions herein 
described. This experimental result, about which there can be no 
question, is contrary to the hypothesis of some authors, such as Stewart,! 
who, on the ground of Thomson's electromagnetic theory of emission, 
asserts the possibility that the light, after reflection, may travel with 
a velocity c + v; where v ig the component of the velocity of the image 
in the direction of the reflected ray. 

In order to complete these investigations I intend, as I said before, 
to study further, with the same interferential disposition, the velocity 
of propagation of the light from a source set in motion artificially. But 
this study, as well as the general conclusions which may be drawn from 
these investigations, I reserve for future publication. 

TurRIN, ITALY. 


1 Puys. REv., 1911, XXXII., p. 418. 





